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Abstract

We study scattering of time-harmonic plane waves by compactly supported
inhomogeneous objects in a homogeneous background medium. The far field
operator associated to a fixed scatterer describes multi-static remote observa-
tions of scattered fields corresponding to arbitrary superpositions of plane wave
incident fields at a single frequency. In this work we consider far field operators
for systems of two well-separated scattering objects, and we discuss the non-
linear inverse problem to recover the far field operators associated to each of
these two scatterers individually. This is closely related to the question whether
the two components of the scatterer can be distinguished by means of inverse
medium scattering in a stable way. We also study the restoration of missing
or inaccurate components of an observed far field operator and comment on
the benefits of far field operator splitting in this context. Both problems are
ill-posed without further assumptions, but we give sufficient conditions on the
diameter of the supports of the scatterers, the distance between them, and the
size of the missing or corrupted data component to guarantee stable recovery
whenever sufficient a priori information on the location of the unknown scat-
terers is available. We provide algorithms, error estimates, a stability analysis,
and we demonstrate our theoretical predictions by numerical examples.
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1. Introduction

The inverse medium scattering problem (see, e.g. [14, p 439]) is to determine the shape and the
refractive index of a compactly supported inhomogeneous object from a knowledge of the far
field patterns of scattered waves corresponding to plane wave incident fields for all possible
illumination and observation directions on the unit sphere. These input data can be described
by the far field operator, which maps densities of superpositions of plane wave incident fields to
the far field patterns of the corresponding scattered fields. The far field operator can be viewed
as an idealized measurement operator for the inverse medium scattering problem, and accord-
ingly it plays a central role in several reconstruction methods (see, e.g. [1, 11, 12, 15, 26, 35]
and the monographs [9, 10, 14, 38]). In this work we do not investigate the inverse scattering
problem itself, but we focus on two related inverse problems. To this end we restrict the dis-
cussion to the two-dimensional case and consider scatterers that consist of two well-separated
components. Assuming that a possibly noisy and incomplete version of the associated far field
operator is available, we ask the following questions:

(a) Is it possible to reconstruct the far field operators associated to the two components of
the scatterer individually, if we have some a priori information on the location of these
components?

(b) Can we recover missing parts of the far field operator and filter possible data errors, and
why can far field operator splitting be useful in this context?

Regarding problem (a), the uniqueness of solutions to the inverse medium scattering prob-
lem (see [8, 42, 44, 46]) tells us that the shape and the refractive index of the scattering object
are uniquely determined by the far field operator. Accordingly, having some a priori inform-
ation about the location of the two components of the scattering object, one could first recon-
struct the scatterer, then split it into its two components, and finally calculate the far field
operators corresponding to these two components for solving problem (a). However, solving
the inverse medium scattering problem is time-consuming and severely ill-posed, and we will
show that it is actually not required for solving problem (a). Similarly, it is well-known that
the far field pattern depends analytically on both the illumination and the observation direction
(see, e.g. [14, 27]). Thus recovering missing parts of the far field operator in problem (b) is
usually possible, if the available data patch is not too small, but also severely ill-posed without
further assumptions.

For both questions we will assume that we have access to an estimate of the location and
possibly the size of the (two components of) the unknown scatterer, and our goal is to solve
the inverse problems (a) and (b) without solving the inverse medium scattering problem itself.
The a priori information on the location of the (two components of the) scatterer is used to
develop sparse decompositions of the associated far field operators with respect to suitably
modulated Fourier representations of the Hilbert—Schmidt kernels of these operators. These
sparse representations are the foundation of our reconstruction methods. Apart from that the
main theoretical contributions of this work are error estimates and a rigorous stability analysis
for our reconstruction algorithms. These results build on previous investigations of far field
splitting and data completion for the inverse source problem in [25, 28-31]. There are two
main differences distinguishing the inverse source problem considered in these works and the
inverse medium scattering problem considered here. The first difference is that, while for the
inverse source problem one has access to just one far field pattern radiated by the unknown
source, infinitely many but correlated far field patterns corresponding to plane wave incident
fields for all possible illumination directions are available for the inverse medium scattering
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problem. We will show that, by working with whole far field operators instead of individual
far field patterns, correlations in this data set beyond simple reciprocity relations can be used
to obtain better stability estimates for reconstruction methods for problems (a) and (b) for the
inverse medium scattering problem, when compared to the corresponding stability estimates
for the inverse source problem in [25, 29]. The second difference is that the far field split-
ting problem for inverse source problems is linear, while it is nonlinear the for the inverse
medium scattering problem due to multiple scattering effects. To untangle multiple scattering
we decompose far field operators corresponding to systems of two scatterers using the Born
series and consider sparse representations of the various parts in this decomposition. These
can then be distinguished by our splitting algorithm.

The (inverse) Born series has recently also been used directly in reconstruction methods for
the inverse medium scattering problem in [17, 33, 34]. In [6] (see also [21, 22]) the authors
apply a reduced order model to transform scattering data for a time-dependent scattering prob-
lem including multiple scattering effects to observations expected in the Born approximation,
i.e. multiple scattering effects are removed. Both approaches are not directly related to the res-
ults in this work. We also note that alternate methods for far field splitting for inverse source
problems have been proposed in [5, 45], and that splitting problems for time-dependent waves
have more recently been considered in [3, 24, 32]. Data completion for far field operators as in
problem (b) has recently also been discussed in [20, 41] (see also [2, 7] for related results for
the Cauchy problem for the Helmholtz equation). In contrast to our work, these authors do not
use sparse representations of far field patterns or far field operators with respect to modulated
Fourier bases to stabilize their algorithms, which so far also lack a rigorous stability analysis.

Being able to split and complete far field operators has important implications for the inverse
medium scattering problem. If one can stably split the far field operator corresponding to a
system of two scatterers, then these scatterers can also be distinguished in the reconstruction,
which tells something about resolution in the presence of noise. On the other hand incomplete
data sets are common in applications, while reconstruction methods usually work more stably
for complete data sets. Being able to reliably restore the full far field operator helps to reduce
the effect of this additional source of ill-posedness.

The outline of this paper is as follows. After providing some theoretical background on
inverse medium scattering, we develop sparse representations of far field operators based on
the Born series and modulated Fourier expansions in section 2. In section 3 we pursue far
field operator splitting, first using the Born approximation and neglecting multiple scattering,
and later including multiple scattering effects. Far field operator completion is the topic of
section 4. In section 5 we provide numerical examples to illustrate our theoretical findings,
and we close with some concluding remarks.

2. Inhomogeneous medium scattering

We consider time-harmonic wave propagation in the plane. Let D C R? be bounded such that
the boundary 0D of D is of Lipschitz class. Suppose that n> = 1 4 ¢ represents the index of
refraction, where the real-valued contrast function q € L (D) satisfies ¢ > —1 in D and is
extended by ¢ =0 outside D.

Let k£ > 0 be the wave number, and let

u (x;d) == e xeR?, (2.1a)
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be an incident plane wave with illumination direction d € S'. The scattering problem is then
to determine the total field u, € H},.(R*) with

loc
Au, +Kn*u, =0  inR?, (2.1b)

such that the scattered field u, = u, — u' satisfies the Sommerfeld radiation condition

lim \f( 1 (x;d) — iku’ (x;d)) =0, r=|x|, (2.1¢)
r—o0

uniformly with respect to all directions x/|x| € S!. As for the incident field, we indicate the
dependence of the total and scattered fields on the illumination direction by a second argument.

Remark 2.1. The Helmholtz equation (2.1b) has to be understood in the weak sense, i.e. u, €
H] .(R?) is a solution if and only if

/ (qu -Vv — kznzuqv) dx=0 forall v e Cg° (Rz) .

Standard regularity results yield smoothness of u, and u in R*\ Bg(0), where Bg(0) is a
sufficiently large ball containing the scatterer D. O

The scattering problem (2.1) has a unique solution u, € H}(R?) (see, e.g. [37, theorem
7.13]). This solution satisfies the Lippmann—Schwinger integral equation

ug (x;d) = u' (x;d) + & qu(y)@(x—y)uq(y;d) dy, xe€D, 2.2)

where ®(x) ::i/4H(()l)(k|x|), x#0, denotes the fundamental solution to the Helmholtz
equation (see e.g. [37, theorem 7.12]). In fact, this integral equation is uniquely solvable in
L?(D), and its solution can be extended by the right hand side of (2.2) to a solution of the
scattering problem (2.1) (see, e.g. [37, theorem 7.12]). The scattered field satisfies the far field
expansion

i) = S S o )0 (W)
X; xX,d) + X x| — 00,
N |x|

uniformly in all directions X := x/|x| € S'. The far field pattern u® € L*(S") is given by
o (x;d) k2/ y)ug (v;:d e Y gy, xest,
(see, e.g. [37, theorem 7.15]). It satisfies the reciprocity relation
u® (%d) = u® (—d;-%),  XdeS', (2.3)

(see [14, theorem 8.8]). The far field patterns ug® (x;d) for all X,d € S' define the far field
operator

F, .12 (Sl) — 12 (Sl) . (Fug) (x) = /sl ug® (x;d)g(d)ds(d), 2.4)
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which maps densities of arbitrary superpositions of incident plane waves to the far field patterns
of the corresponding scattered fields. The far field operator is compact and normal (see, e.g.
[37, theorem 7.20]), and it is a trace class operator (see [13]). In particular, F,, € HS(L*(S")),
where HS(L?(S')) denotes the space of compact linear operators A : L*(S') — L?(S') with
tr(A*A) < oo, i.e. the space of Hilbert-Schmidt operators on L*(S') (see, e.g. [47, p 210]).

2.1. Two inverse problems

In this work we are interested in the following two inverse problems.

(a) Far field operator splitting: suppose that D = D, U D, for some well-separated bounded
Lipschitz domains Dy, D, C R2, i.e. we assume that there exist balls Bg, (cj), Jj=1,2, with
D; C Bg,(cj) and [c; — ¢2| > Ry + Ry. Accordingly, let g := g|p, and ¢ := ¢q|p, denote the
contrast functions of the two components of the scatterer. The goal of far field operator
splitting is then to recover the far field operators F,, and F,, corresponding to the two
components of the scatterer from F},. Since g = g + ¢ is uniquely determined by F, (see
[8, 42, 44, 46]), this inverse problem is uniquely solvable, whenever sufficient a priori
information on the locations of the scatterers D and D, is available to determine ¢g; and
q» from g. In this work we will assume that balls Bg, (c1) and Bg,(c2) as above containing
the scatterers are known a priori, and we use this information to develop stability estimates
and reconstruction algorithms.

(b) Far field operator completion: suppose that the far field pattern ug°(X;d) cannot be
observed for all illumination directions d € S' and for all observation directions % € S'
but only observations of u:°(X;d) for (x,d) € Q¢ := (§' x §')\ Q for some Q2 C §' x §'
are available. Accordingly, we define the restricted far field operator

Fy

o L2 (SY) = L* (') ,(F,

ag8) (%) == /S o (Bd)uf (Bd)g(d)ds(d) . 2.5)

The goal of far field operator completion is then to recover F, from F,|q.. Since the far
field pattern is a real analytic function on S' x S' (see, e.g. [14, 27]), this inverse problem
has a unique solution as long as €2 has an interior point. We will assume that a ball Bg(c)
with D C Bg(c) is known a priori, and we use this information to develop stability estimates
and reconstruction algorithms.

2.2. Far field translation

Translating the scatterer by ¢ € R? changes the incident field at the location of the scatterer
and thus also the scattered field as well as its far field pattern. Considering the shifted contrast
function

ge(x) :=q(x+c), xeR?, (2.6)
the associated far field pattern is given by
=7\ — a—ike-(d—X . = 1
ug (x;d) = e el x)ugo(x,d), xes,

and the far field operator satisfies, for g € L*(S"),

(Fug)® = &% [ (@ G ds(@), - Fes',

5



Inverse Problems 40 (2024) 115010 R Griesmaier and L Schétzle

Introducing

T.:L*(S') = L*(S'), (T.g)(®) = e*Tg(3), 2.7)
and

T.:HS(L* (")) = HS (L*(8')), T.G:=T.0GoT_,, (2.8)

where G : L*(S') — L*(S") is a Hilbert-Schmidt operator, we have F,, = T.F,. We call T,
the translation operator.

Lemma 2.2. Let ¢ € R%. The operator T, € L(HS(L*(S"))) is unitary with T.* = T_..

Proof. The adjoint of 7. from (2.7) is given by T = T_., and (2.8) implies that, forany G, H €
HS(LX(S")),

(T.G,Hyus = tr ((T.GT—.)"H) = t(T_HT.G*) = tr (G*T_.HT.) = (G, T_H)us.

This shows that 7" = T, which is the same as T~ ". O

2.3. The Born series

For any d € S' the Lippmann—Schwinger equation (2.2) is a fixed-point equation
ug(:d) = ' (-;d) +Loug (+3d)  inD

for the total field u,( - ;d), where the linear operator L, : L*(D) — L*(D) is defined by

(Lyf) (x) = kz/Dq(y)f(y)‘P(x—y) dy, xeD. (2.9)

If the operator norm ||L,|| is strictly less than one, then the solution to (2.2) can be written as
ug(:d) = ' (;d)+ Y (L) ' (;d)  inD. (2.10)

This series is often called the Born series. It converges in L?(D) and uniformly with respect
to the illumination direction d € S'. Sufficient conditions on k and g for this to hold have,
e.g. been discussed in [33, 36, 43, 49]. For instance, (2.9) immediately implies that

ILy|I* < k4/D/D\CI(y)<I>(x—y)|2dydx = ||y IIs @2.11)

(see [47, theorem VI1.23]). The asymptotic behavior of the fundamental solution ®(x —y)
as |x—y| — 0 shows that the right hand side of (2.11) is finite. In particular, L, is a
Hilbert-Schmidt operator, and the Born series converges when ||L, ||us < 1, which we assume
henceforth.

The Born series describes the different levels of multiple scattering of the incident wave
u'(-;d) at the scatterer. Accordingly, we denote its /th summand by

uf/(l)(-;d) = (L) W' (+3d),
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and refer to it as the scattered field component associated to scattering processes of order / > 1
on g. Substituting (2.10) into (2.2) and extending the right hand side to all of R2, we find that
the far field pattern of u; (-;d) satisfies

X d kZZ/ —lkX\ q)l*l Ml(,d)> (y) dy’ 356 Sl. (212)
This series converges in L2(S!) and uniformly with respect to d € S'. We write

’(l)xd —kﬂ/ / q(n)- Y@ —yi—1)--®(y2—y)
« eik(d-y1=%y) dy;--- dy;, ?ESI, (2.13)

for the /th summand in (2.12). For later reference, we note that (2.13) implies that each u, ’(1)

I > 1, satisfies the reciprocity relation

u>> 0 (x;d)

_ 5,00, L =~ 1
. =u>" (-d;-%), X des'. (2.14)

q

Recalling (2.4) we introduce far field operator components associated to scattering pro-
cesses of order [ > 1,

FO 12 (sY = 12 (sY) (F,y)g) ®) = /S 0 Fd)g(d) ds(d), 215)

and for any p > 1 we define the Born far field operator of order p by

Fsn () 52 (s, (F90) @ =3 (F)®. o

Then (2.4) and (2.12) together with the realization of the Hilbert—Schmidt norm of an integ-
ral operator on LZ(SI) by the L*-norm of its kernel (see [47, theorem VI.23]) yields that

F, =320 F =1im, oo F{S") in HS(L2(SY)).

2.4. Sparse approximations of far field operators

Assuming that the support of the scatterer is contained in a ball Bz(c) C R? for some ¢ € R?

and R > 0, we show next that the components F, 6(]1) of the far field operator in the Born series
have sparse approximations with respect to some suitably modulated Fourier bases.

To begin with, we suppose that D C Bg(0), i.e. we have ¢ =0. Denoting by (e,), :=
(e">e(*) /\/27), the Fourier basis of L?(S"), and substituting the Jacobi—Anger expansion
(see, e.g. [14,p 75])

oty _ Z (:I:l)n efinargyJ” (k|y|)einarg?’ ye R2  x€ s! , 2.17)
ne’

into (2.13) twice shows that the far field component associated to scattering processes of order

[ > 1 satisfies
=~ 1
ZZamnem X)e, (d), x,des§,
meZnel
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with

all), = 2mk (—i / / q) - q) @i —yi—1) - (2 — 1)
we—i(margy— narg>1)Jm (k|yi) I (k|y1]) dyy -+~ dy;. (2.18)

Since (e,), is a complete orthonormal system in L*(S!), we obtain from (2.15), [47, the-

orem VI.23], and Parseval’s identity that ||F,(I{),,,7q||Hs = ||u;°’(l) l2(stxs1) = ||(a,(79n)m7n||zz><gz.
Furthermore, applying the Cauchy—Schwarz inequality / times shows that

gl < 270k g oo (o)1 (kL D) 220y 10 (KL= 1) 20 1L s (2.19)

forall > 1, and for all m,n € Z. Since D C Bg(0), the estimate (2.19) implies that the coeffi-

cients (a%?n)m,n are essentially supported in the index range |m/|,|n| < kR, and decay superlin-
early as a function of |m|,|n| € N for |m|,|n| 2 kR. In fact, formula (3.8) in [29] yields

Kl n (kL D 2oy < IMa (- D ez oy (2.20)

n]

[n]+1 2 2
1\ T kR [ [kR\? | (my
<b0|n|%<1+> = () U ) i =k
2|n| In| \ \|n|

where the constant by satisfies by =~ 0.7928. In addition, it has been shown in [29] that

||J’—VkR.| (| ! |) ||12A2(BkR(0)) . {\/ 1—12 ifv < 1,

kR— 00 2kR

2.21
0 else, ( )

where [vkR] denotes the smallest integer that is greater or equal to vkR. Numerical tests in
[29] confirm that the values ||J,(| - |) Hiz( Bu(0)) aPproach the asymptote 2/ (kR)? — n? already
for moderate values of kR and decay quickly for n 2 kR (see also figure 1 below). Choosing
N 2 kR this means that we may approximate

eO@d) ~ > N alen®)ed), Fdes'. (2.22)

[m|<N|n|<N

Substituting (2.22) into (2.15) we obtain that

(FO8) @~ 3 Y alen(® / ¢ den(dds(d), Fes', (223)

[m|<N|n|<N

is a reasonable approximation.

Example 2.3. To illustrate this sparse approximation, we consider the example g = Xg,(0)-

Then, the Fourier coefficients (al ) )., from (2.18) with /= 1 satisfy

R 2T
al)), = 2n i (—i)"" / T (k) Ty (kr) v dr / e imm?e 4y
0 0

_ 27T||Jl‘l(| .|)H1242(BkR(0)) lf n=m,
0 else.

Recalling (2.21), this shows that the cut-off parameter N in (2.23) cannot be chosen smaller
than kR. O
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We define the finite dimensional subspace Vy C HS(L*(S')) by

Vyi= S GEHS(L2(5)) [ Gg= D Y amnen(gen)pe, - 229

|m| <N n|<N

Still assuming that N = kR, we refer to Vy as the subspace of non-evanescent far field operators
associated to scatterers supported in Bg(0). Let Py : HS(L*(S')) — HS(L*(S"')) denote the
orthogonal projection onto Vy. Then the approximation error can be estimated as follows.

Lemma 2.4. Let g € L*°(D) with ¢ > —1 in D and D C Bg(0). Then, for [ > 1,

3 _
IFS = PuFP llus < (27)° kRllglloe o) 1 Lallizs' | D M (- D ooy | - 229
|n|>N

Proof. Using Parseval’s identity we find that

||F(l) PNF ||HS Z Z|am ”|2+Z Z |al(7?n Z Z ‘am n|2

|m|>Nn€Z meZ|n|>N |m|>N |n|>N

Subsituting (2.19) and observing that

Z 1 (1 D 1281 0y) = TR
nez
(see [29, lemma SM1.1]) yields (2.25). O

The last term on the right hand side can be further estimated by means of (2.20). We note
that [18, (10.22.5)] shows that

1 (1 D 17280009y = 7 (KR)? (T2 (kR) = Ju—y (kR) Jug1 (kR)) ,  n€Z.
1000

In figure 1 we present plots of 35, =y 1 [[/a(] - |)||I2‘2(BkR(O)) as a function of N € N for kR =10
(left) and for kR = 100 (right). The superlinear decay for N = kR is clearly visible.

Remark 2.5. Recalling (2.12), we find that the Fourier coefficients (a )m,» Of the full far
field pattern satisfy @, = Y, a,(,f,)n. The estimates for |a,(,f?,,| in (2.19) and (2.20) show that
|am.n| is also decaying superlinearly for |m|, |n| 2 kR. Thus also the full far field operator F,
has a sparse approximation

amnen(X) | g(d)e,(d)ds(d), xeS', (2.26)
SpIPITCy |

|m|<N|n|<N

with N 2> kR. O
Remark 2.6. The reciprocity principle (2.14) gives that, for / > 1 and ¥,d € S',

Yo Y ahen®en(d =33 (-)""dl, en@ed.  (27)

meZn€Z meZne’
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kR =10 kR =100

10 10710}
10-10 L 10-20 L
-15 L L L L -30 L L
L 5 10 15 20 25 L™ 50 100 150
N N

Figure 1. Plots of factor 3, v [[/a(] - DH%Z(B](R(O)) in (2.25) as function of N € N for
kR = 10 (left) and for kR = 100 (right).

In particular,

ald = (=1)"" g mn € 7. (2.28)

m,n —n,—m>

It would be possible to include (2.28) in the definition of the subspace Vy to obtain even
sparser representations of non-evanescent far field operators associated to scatterers supported
in Bg(0). We will comment on this further in remarks 3.11 and 3.17 below.

By (2.3) the formula (2.28) is also true for the Fourier coefficients a,, ,, m,n € Z, of the full
far field pattern uqoo. O

If D C Bg(c) for some ¢ € R? with ¢ # 0, then we can use the translation operator 7
from (2.8) to shift the scatterer into the origin. Recalling (2.13), the kernel of the integral
representation of T.F, L(,l) is given by

kzl/ a / q) - q() @ (v —yim1) - O (yy — yp) X OmITEOD) gy, dy

D D

which is the same as u(q’C ’,(,Qq( (x;d) (see also (2.6)). Now proceeding as in the special case ¢ =0,
we find that TL.F(SI) has a sparse approximation

(TCF{(]l)g> (x) ~ Z Z a,(,f?nem /Slg(d)mds d), xest,

|m| <N |n|<N

in Vy from (2.24) with N > kR. Applying (2.8), we define the subspace V§ C HS(L*(S')) of
non-evanescent far field operators associated to scatterers supported in Bg(c) by

Vi = GeHS(L*(s")) (Gg: YD amae® Ven(g e Vey) o0, (229)
[m|<N|n|<N

ie. V§={GcHSL*S"))|T.G e Vy}. We call (¢*(‘)e,), a modulated Fourier basis of
L?(S"), and accordingly the coefficients (d,,)m,, in associated expansions as in (2.29) are
called modulated Fourier coefficients. Let P : HS(L*(S')) — HS(L?(S")) denote the ortho-
gonal projection onto V. Then the error estimate (2.25) carries over.

10
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Scatterer D and ball Bg(c) Expansion coefficients (|am,n|)m.n
30
10+
10°
20 ¢
8 L
10+
107
6 L
3 = 0
4 -10
102
ot 1 -20 f
30k ]
0 . * . : ! * * . : . & ‘ 10'3
0 2 4 6 8 10 30 -20 -10 0 10 20 30
T m

Figure 2. Left: support of scatterer D (solid) and ball Br(c) (dashed). Right: absolute
values of modulated Fourier coefficients (am,n)m,» of far field operator F, at k=35.
Dashed square corresponds to coefficients used by sparse approximation of F, in Vy
with N=13.

Lemma 2.7. Let g € L°°(D) with g > —1in D and D C Bg(c). Then, for1 > 1,

3 —
IFP = PRFP s < (2m) kRllgll o) [Lglliis" | D 1n (- DIErpay | - 230

|n|>N

The upper bound on the right hand side of (2.30) decays quickly for N 2 kR (see figure 1).

The same reasoning that led to (2.26) shows that the Born far field operator F§<P ) of order
p = 1 and also the full far field operator F, have sparse approximations in V.

Example 2.8. We illustrate our findings by a numerical example with g = 2 p for D as shown
in figure 2(left). We use k=15 and simulate far field patterns u°°(X,,;d,) of solutions to (2.1)
for L = 256 equidistant observation and illumination directions on S' using a Nystrom method
(see [14, pp 91-96]). Accordingly, the matrix

2T oo n
F, := T (U™ X3 dn)]) <<t € CExL,

approximates the far field operator F, from (2.4).

The scatterer D is contained in the ball Bg(c) of radius R = 2.2 centered at ¢ = (4, 8), which
is also shown in figure 2(left). A two-dimensional fast Fourier transform of the shifted far field
pattern (e~ (=52 (%,:d,) ), € C-** yields an approximation of the modulated Fourier
coefficients (dy, »)m,» of F, with respect to the modulated Fourier basis (e*“(")e,), of L*(S").
In figure 2(right) the absolute values of these expansion coefficients are plotted in a logarithmic
scale. It is confirmed that these coefficients are essentially supported in a square [—N, N]*> with
N Z kR = 11. The dashed square in figure 2(right) corresponds to N = 13. O

1
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3. Far field operator splitting

We consider the inverse problem (a) introduced in section 2.1. Suppose that the scatterer con-
sists of two well-separated components, i.e. D = D; U D, for some D{,D, C R? and D; C
BR/(C])’j = 1,2, with ¢y,c; € R? and R1,R, > 0 such that |C1 — CQ‘ >R+ Ry. Let g := q|D1
and ¢» := ¢|p, denote the contrast functions of these two components. Then, each summand
in the Born series (2.12) can be further decomposed. Recalling (2.13) we have, for [ > 1,

2 2
GO0 =Y S, G, e
Ji=1 =1

with

(1 ~ I dovi — 3oy
ug Dy, (d) ::"”/ / G )+ s, ) (= yi-1) -+ D (2 —y1) 2Ty, dy,
Dj] Djl

xdeS' ji,...jie{1,2}. 3.1
As indicated by our notation, the term u;; 7’_(_1_)7% describes the component of the far field pattern
associated to the part of the scattered wave that results from [ scattering processes starting at
g;,» followed by g;, and so forth, until g;,. We note that these far field components satisfy the
reciprocity relation

w2V (®d) =u>V  (~d;-x), xdeS'. (3.2)

jr»>+-+95 qj15--+>4q;

Remark 3.1. Denoting by (a,(,f,),,)m,,, and (b,(,f?n)m,n the Fourier coefficients of ug, ,’,(‘1_)7%.1 and

u;,o 0 a4 respectively, the same calculation as in (2.27), using (3.2) instead of (2.14), shows

ay),

= (—1)""p" mne. (3.3)

—n,—m>

O

We define for / > 1 the far field operator components
! .72 (¢l 2 (¢l ! ~ NOR
FO g () = 2(8) . (FO,8) @ = /S e, (d)g (d) ds(d).
Therewith, we rewrite the Born far field operator of order p from (2.16) as

p
<p) — p(< < !
FISP = FP g 70 4 [Y > FO . (34

Gjysees qj

=1 Gineft2y\({13'u2))

Remark 3.2. In the special case when p =1 (i.e. Born approximation of order one, neglecting
multiple scattering) the expansion (3.4) reduces to

<) _ (<1 <1
FSD = FiSD 4 F(SY (3.5)
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while for p =2 (i.e. Born approximation of order two, including multiple scattering of order
one) we obtain that
<2) _ (L2 <2 (2) 2)
Fg )= FCI1 +F£(12 ) + (FLI17qz +F6(12,Q1) ) (3.6)

and for p = 3 (i.e. Born approximation of order three, including multiple scattering up to order
two) the expansion (3.4) reads

F(S) = iS4 B 4 (FQ, 4+ F2

q1,92 2,91
+F® 4 p® L p@ L pG) 4 pO)

q1,91,92 41,492,491 q1,92,92 42:91,91 492,491,492

+F ). 3.7

492592491

The Born far field operators F, ,(fp ), p =1,2,3, on the left hand sides of (3.5)—(3.7) are increas-
ingly accurate approximations of the far field operator F, corresponding to the system of two
scatterers, while the first two terms F, 5,,@ ) and F ,(fp ) ,p = 1,2,3, on the right hand sides of (3.5)—
(3.7) approximate the far field operators F,, and F,, corresponding to the two individual scat-
terers in D and D, increasingly well. On the other hand, the terms in brackets on the right
hand side of (3.6) and (3.7) approximate multiple scattering effects. The goal of far field oper-
ator splitting is to recover approximations of F,, and F,, from F,. To this end we will split F,
into three components, two corresponding to the first two terms on the right hand side of (3.4)
(or (3.5)—(3.7)), and one corresponding to the terms in brackets on the right hand side of these
equations. Considering higher order Born approximations makes sense, because it gives better
approximations of F,,, and F,,. O

We have already seen in lemma 2.7 that the far field operator components F, gfp ) and F éfp )
in (3.4) have sparse approximations in the subspaces Vy and Vi, with Ny 2 kR; and N, 2 kR,
respectively. In fact, the same reasoning shows that any term on the right hand side of (3.4)
that is of the form Ff,ll)ﬂjz,,,,,q/lil 1 Or FE,’),% seoesdip_, s2» 1-€. the first and the last interaction takes
place at the same component of the scatterer, can be well approximated in V| or Vi, respect-
ively, (see also lemma 3.4 below). To obtain sparse approximations of the remaining terms on

the right hand side of (3.4), which are all of the form Ff(lll)a‘Ziyms‘Ij,,l . OF ng{quv,,,qj,il 1> WE
introduce for M, N € N the finite dimensional subspace

Vun = § GE€HS (L2 (Sl)) ‘ Gg= Z Z am,nem<gaen>L2(51)
|m|<M |n|<N

We note that Vy y = Vy from (2.24). Furthermore, we define for b,c € R? the generalized
translation operator

Ty :HS(L* (")) = HS (L* (")), TG :=TpoGoT_,, (3.8)

where T, and T_, are defined as in (2.7). Then T . = T, from (2.8).

Lemma 3.3. Let b,c €R%. The operator T,.€ LHS(L*(SY))) is unitary with
Tye=T

Proof. For any G,H € HS(L?*(S")) the definitions (2.7) and (3.8) imply that
(T»,.G,Hyus = tr ((T,GT-.)"H) = tt(T_,HT.G*) = tr (G*T_,HT,) = (G, T—p,—H)us.
This shows that 77, = T, which is the same as T, . O

13
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Substituting the Jacobi—Anger expansion (2.17) in (3.1) and proceeding as in section 2.4,
we find that terms of the form T, cch(/l]),q,,, gy, q> and T, C]F,(,lz,qu,_“

approximations in Vy, n, and Vy, n, With N} 2 kR; and N, 2 kR,, respectively. Accordingly,
we define

.,_,-q1 have sparse

Vit = GBS (2(5) [ Ge= > 3 amae™ Ven(g,e"Oen) gy o0 39)

|m| <M |n|<N

ie. Vf,,CN = {G € HS(L*(S")) | T4..G € Vun}. We note that Vyy, = Vs from (2.29). Then,
Ff,ll)ﬂm g, -q» and Fl(]lz)ﬂjw g1 have sparse approximations in Vy 'y and V', with
Ny 2 kR, and N, > kR,, respectively. Denoting by PZ{’fN :HS(L2(S")) —>HS(L2(SI)) the
orthogonal projection onto V,lf,,’jv, the approximation error can be estimated similar to (2.25)
and (2.30). To this end, we define L, ;; : L*(D;) — L*(D;) by

(Lgjif) kz/ (x—y) dy, xeD;.

Lemma3.4. Let g € L°°(D) withq > —1in D = Dy UD; and D; C Bg/(c;), j = 1,2. Then, for
l}landl <j17...,j1<2,

(1) i g (l)
”Fq/,,---,qj, 73]117, Gjy - ,qj,”HS

< 2772"‘171||L00(Di1)|| q,i1J2||HS"'HLqJPniz HS

x Z ([ (| Z ([ (] ( (0))

n|>Nj, |n|>N,[

l—

(3.10)

The proof of this lemma is similar to the proof of lemma 2.4 and is therefore omitted.
Recalling (2.20), (2.21) and figure 1, the right hand side of (3.10) is small as long as we choose
N;, 2 kRj, and N;, 2 kR;,.

J1 ~ Jl ~

Example 3.5. We consider a numerical example with g = —0.5xp, +2xp, for D; and
D, as shown in figure 3(left). We choose k=35 and approximate the far field component
uql,q(}) (Xm;dy) (cf (3.1)) for L=256 equidistant observation and illumination directions on
S! using trigonometric interpolation as described in [48, 50].

The scatterers D, and D, are contained in balls Bg, (c;) and Bg,(cz) of radius R} =2.2
and Ry = 1.1 centered at ¢; = (4,8) and ¢, = (8,2), respectively. These are also shown
in figure 3(left). A two-dimensional fast Fourier transform of the shifted far field pattern

(e—tklerdi—cr )2 (% - d,),,., € CEXL yields an approximation of the Fourier coefficients
(2)
(

ann)mn Of TeyerFo,, q(zz ). In figure 3(right) the absolute values of these expansion coeffi-
cients are plotted for —32 < m,n < 32 in a logarithmic scale. It is confirmed that these coef-
ficients are essentially supported in a rectangle [—Nj,N;| X [-N,,N,] with Ny = kR, = 11
and N, 2 kR, =5.5. The dashed rectangle in figure 3(right) corresponds to Ny =13 and
N, ="1. O
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. . @)
Scatterers D; and balls Bg,(c;), j = 1,2 i EprmSlon‘ coeﬁﬁCIents‘ ﬂa’””f')m’”

30/ B
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Figure 3. Left: supports of two scatterers D; and D; (solid) and balls Bg, (c1) and
Bg, (¢2) (dashed). Right: absolute values of modulated Fourier coefficients (a,(nz, ),,)m,n of
F, ,(Ilz?qz at k = 5. Dashed rectangle corresponds to coefficients used by sparse approxima-

tion of Félz,)qz in V', with Ny =13 and N» =7.

We will use the sparse representations of far field operator components ensured by lem-
mas 2.7 and 3.4 to develop numerical algorithms for the inverse problem (a) introduced in
section 2.1 and to establish corresponding stability estimates. In section 3.1 we first neglect
multiple scattering and use (3.5) as ansatz for far field operator splitting. This leads to concise
stability estimates that we compare with earlier results from [25, 29]. A more accurate method
taking into account multiple scattering is the subject of section 3.2.

3.1 Far field operator splitting in Born approximation of order 1

Given the far field operator F, associated to two scattering objects with contrast functions
g1 and g, as defined at the beginning of section 3, we seek approximations F,, € V;,‘l and

F ¢ € Vf\}i of the far field operators F,;, and F,,, corresponding to the two components of the
scatterer, satisfying the least squares problem

F,=F, +F, inHS(L*(s")). 3.11)

In the following we discuss the conditioning of (3.11). To this end, we derive an upper bound on
the cosine of the angle between Vy and V., which immediately implies a bound the condition
number of the splitting problem (3.11). This stability analysis has been motivated by similar
results for the discrete and continuous one-dimensional Fourier transform in [19].

Remark 3.6. We will work with several different norms on HS(L*(S")). To this end, we note
that any Hilbert-Schmidt operator G € HS(L?(S")) has an integral representation

(G ®) = / ko (Bd)f(d)ds(d), TeS', (3.12)

S1
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for some kg € L? (S U Sl) (see [47, theorem VI.23]), and the kernel kg can be expanded into
a Fourier series

KRG (36\’ d) = Z Zam,n €m (EC\) €n (d) ) }\,d € st

meZnel

Accordingly, we use the notations

IG

= ||"<°'G||U(Sl><sl) and 1Gllerscer = || (am7n>m,n||€”><€”7 I<p<oo.
We also observe that, for any G,H € HS(L*(S")),
(G Hs = (G,H)p2 = (G H) g (3.13)

(this can be seen as in the proof of [47, theorem VI.23] and using Parseval’s identity).
Furthermore, we denote the area of the support of kg in S' x S! by |G| 0, and the number
of nonzero Fourier coefficients of kg by ||G|| 0. O

Lemma3.7 Letc € R? ¢ #0, andlet T, : HS(L*(S')) — HS(L?(S")) be the translation oper-
ator in (2.8). Then, for all 1 < p < oo,

|T.Glly = |Gll,  GeHS(L*(SY))nLr(s' xs'), (3.14)
and

I TGl xe < (kle)) ¥ [Gllawe.  GEHS(L(S))ne' x £t (3.15)
If in addition k|c| > 2(M + N + 1) for some M,N > 1, then'

ITeGllezexez < (Kle)) ™ IGllyxa,, G EHS(L2(S")) MLy x Ly. (3.16)
We also have that

| TGl < %HTCGH@MI, T.GeHS (L*(S"))net x ¢t (3.17)

Proof. The isometry property (3.14) follows immediately from the definition of the translation
operator 7 in (2.7) and (2.8).

To show (3.15), let G € HS(L*(S')) N ¢! x ¢! and denote the associated kernel in the integ-
ral representation (3.12) by kg € L?(S' x S'). The definitions (2.7) and (2.8) show that T acts
on k¢ as a multiplication operator,

(Tekg) (X:d) = Dk (R:d) xdeS'.

Accordingly, it operates on the Fourier coefficients (a,,)mn € 2 x (2 of kg as a convolution
operator, and using (2.17) we obtain that the Fourier coefficients (afn’n)m’n of T.kg satisfy

dn =SS s (i'”/’”'e_i('"/_"l)‘“gCJm/ (klc|) I (k\c\)) . mnelZ.

m'€Zn’' €L

! Here, £ := {(cu)n € €| supp(cn)n C [~N,N]} for 1 <p < coand N € N.

16
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Recalling that |J,(£)| < b/|t|3 for any 7 # 0 with b~ 0.7858 (see [40, p 199]) we find that

2
ITeGllee e < | (I (Klel)), 7oe [ @n) Nl e < (KD ™3 (1G Lo - (3.18)

This shows (3.15).
Assuming that the support of (a,)m, is contained in [—N, N] x [N, N] we obtain similar
to (3.18) that

ITeGllege wee < I (W (klel)) Nzse, N (@man) 0 et e, -

Using the assumption that k|c| > 2(M + N+ 1) for some M,N > 1 and proceeding as in the
proof of [29, theorem 4.6] using [39, theorem 2] gives supy,<pn [Jn(klc[)] < blc|2 with
b =0.7595. Substituting this into (3.18) yields (3.16).

Finally, (3.17) follows from Holder’s inequality, which gives

_ 1
ITeGllie = I Terallis sty = || D2 D i ene < 3 ITGllaer

meZne”Z

Lo (S'xS")

O

Next we derive upper bounds on the cosine of the angle between Vy! and V. This extends
an uncertainty principle for far field patterns from [29, theorems 4.3 and 4.6] to far field oper-
ators. A related result on the correlation between the near fields radiated by two point sources
located in c¢; and c;, respectively, has recently been analyzed in the high-frequency limit in
[23, theorem 2.1].

Proposition 3.8. Let G € Vy and H € Vy, for some cy,c; € R? and Ny,N, € N. Then,

(G Hys| AT Gllosn [TeHlmxew _ (2Ni+1) 2Ny +1) G19)
= 2 X P . .
[Gls [ Hllis (Klea— 1))’ (Kler —cal)?

If in addition k|cy — ¢| > 2(Ny + Ny + 1) and N1,N, > 1, then

(G Hyus| _ ATeGlloo I TeHlme _ (2N +1) (2N +1)

X < (3.20)
|Gllus|H|lus klcy — ¢ klcy — e

Proof. Using lemma 2.2, Holder’s inequality, and (3.15) gives

(G, H)us| = (Te,G, Te,H) e x| = ([ Tey—e, Tey Gllo scose || Tey Hl| o1 <
< VT e, Glleosoo | Tey Hl 0 o0
~X

" D% Te.Gllexel Te,Hl e xe
Cr —C1|)°
2N +1)(2N, + 1)
< ooy IGlkslls
Cr—C1)°

If in addition k|c; —cy| >2(N;+N,+1) and Ny,N, > 1, then using (3.16) instead
of (3.15) gives (3.20). 0



Inverse Problems 40 (2024) 115010 R Griesmaier and L Schétzle

In the following theorem Fg denotes a noisy observation of a far field operator F, corres-
ponding to a scatterer D = D U D, with two well-separated components D; C Bg,(c;) and
Dy C Bg,(c2). We assume that a priori information on the approximate location of these com-
ponents is available, i.e. that the balls Bg, (c;) and Bg, (c2) are known. Accordingly, we choose
N) Z kR, and N, 2 kR; in the least squares problem (3.11) and compare the results for exact
and noisy far field operators to establish a stability estimate. This generalizes the stability result
for far field splitting from [29, theorem 5.3] to far field operator splitting.

Theorem 3.9. Suppose that Fq,Fg € HS(L*(SY)), and let ¢1,c; € R? and Ny, N, € N such that

2N +1)(2N2 4+ 1)

C:= 3 <l1.
(kler — )
Denote by ?ql ,? ¢ and ;721 ,?22 the solutions to the least squares problems
F,2F, +F,, F, eV, F,eVvg, (3.21a)
sLS 75 | 76 = ~5
F,=F, +F,, F, eV, F, eVy, (3.21b)
respectively. Then, forj = 1,2,
7 _ -1 5
1Fy = Fgllis < (1=C?) 11Fg — Fyllis - (3.22)

Remark 3.10. If N\, N, > 1, k|c; — ¢2| > 2(N; + N2 + 1) in theorem 3.9, and

~ 2N+ 12N+ 1
o= DM FD )
k‘C17C2|

then (3.22) remains true with C replaced by C. O

Proof. Denoting F:=F, — F} € HS(L*(S")), Fi:=F, —F}, € Vy and F:=F,, —F €
V]f,zz, the least squares property (3.21) implies that

1Fls = IF: + Polls + I1F = (Fi+F2) s > IFs + Follhs
Therefore, using (3.19) and the arithmetic-geometric mean inequality yields
IFllEs > I1Flls + [IF2llfs — C2lIFi s — [1Fallfs -

This shows (3.22).
To obtain the improved estimate stated in remark 3.10, one has to replace (3.19) by (3.20)
in this calculation. O

Remark 3.11. Including the reciprocity property (2.28), into the definition (2.29) of the sub-
spaces of non-evanescent far field operators allows to improve the constants C and C in the
stability estimates in theorem 3.9. In fact, any G € Vy with

Gg = Z Z am,nem<g>en>L2(51)u gc L2 (Sl)7

Im|<N |n|<N
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that satisfies (2.28) can be rewritten as
N 1
Gg = Z Z m.n (1 o 2611’") (em<gven>L2(Sl) + (_1)n+m7n<gaa>L2(51)) .
|m|<Nn=—m

Here, 6, denotes the Kronecker delta. Accordingly, we define for any ¢ € R? and N € N the
finite dimensional subspace

Wy = {G€eHS (L* (")) | T.G € Wy}, (3.23)
with
Wy = {Gens(12(s") | (3.24)
N 1
Ge= 3 3 ana (1= 30 (enteseabios + (1" "erle.eilio) |-
[ <Nn=—m

Then Wy C Vy and thus the first inequality in (3.19) and (3.20), respectively, remains valid.
However, since |G|y < (2N+1)(N+ 1) for any G € Wy, only about half as many coef-
ficients are required when using this representation compared to the representation in (2.29).
Accordingly, given ¢, ¢, € R? and Ny, N> € N, and replacing Vy, and V2 by Wy and W in
the least squares problems (3.21) yields the improved constants

C o= VN +1) (N +1) (2N, + 1) (N2 + 1)

(klet — ca)
& VeNH DN+ 1) (2N + 1) (Vo +1)
- ke —Cz|

in the stability estimates in theorem 3.9. These constants are better by a factor of about 1/2. {

Remark 3.12. Recalling (2.4) it would be possible to split the far field operator F, correspond-
ing to a scatterer D = D; U D, with two components into two far field operators corresponding
to each scatterer Dy and D, by splitting the far field patterns ug°(-;d) for each illumination dir-
ection d € §' individually using the methods developed in [25, 28, 29]. However, comparing
the stability estimate for least squares splitting of single far field patterns u(jo( -;d) established
in [29, theorem 5.3] with the stability estimate for least squares splitting of whole far field
operators F, in theorem 3.9 we find that the latter is more stable. The stability estimates in
[29, theorem 5.3] and in theorem 3.9 are of the same structure but the constants C and Cin
theorem 3.9 are the squares of the corresponding constants in [29, theorem 5.3]. Taking into
account the additional improvement that can be obtained by using the reciprocity principle as
outlined in remark 3.11, this shows a significant advantage of the algorithms developed in this
work. O

3.2. Far field operator splitting in Born approximation of order 2

Next we include multiple scattering into the algorithm for far field operator splitting. The main
idea is to replace the ansatz (3.5) in the least squares problem (3.11) by (3.6). We have already

developed sparse representations of the additional components F’ g??qz and F((If?q] in lemma 3.4.

19
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We note that using higher order Born approximations such as, e.g. (3.7) does not work with
our approach, because terms like F, ,(,??qz,ql and F, 6(,27)5,, .¢» cannot be distinguished from F, ,(,?B) and

F, 5(,*23) , respectively, using the techniques at hand. Essentially, we can only characterize the first
and the last scatterer that interacts with the far field operator components in (3.4).

Given the far field operator F, associated to the two scattering objects with contrast func-
tions ¢, and g, as defined at the beginning of section 3, we seek approximations F, o € V,f,‘l and

F, 5 € Vy, of the far field operators F,, and F,,, corresponding to the two components of the
scatterer, satisfying the least squares problem

Fy2Fy +Fu+Fyg+Fpe  inHS(L (")) (3.25)

for some F,, ,, € Vv, and Fopa € Vi, In the following we discuss the conditioning
of (3.25).

Lemma 3.13. Let c1,c; € R?, and let T, ., : HS(L*(S")) — HS(L?*(S")) be the generalized
translation operator in (3.8). Then, for any G € HS(L*(S')) N ¢! x ¢,

_1
(Kletlleal) P NGllerser  if €1,¢2#0,
1
[ Ter.e:Gllese xeee < S (kler]) ™7 |Gl e if c1 #0,c2=0, (3.26)
_1 )
(klea]) 2 Gl g1 e ifc1=0,c2#0.

Proposition 3.14. Suppose that G € V', and H € V;/]{’j\zfz’ for some cy,c{,ca,ch € R? and
Nl,Nl/,Nz,Né € N. Then,

2N1+1) (2N, 4+1) (2N! +1) (2N] +1
N 2+1)( l+)(1 i+1) if c1 #c¢fand c; # ¢5,
(k|c1—cl’\)3(k\cz—le‘>3
G.H 2N +1) (N2 +1) (2N/ +1) (2N] +1
g, gm o L VOUENCNADENR N e 2 (3.27)
ns|[H|lus (kler—c{1)*
2N 41) (2N, +1) (2N +1) (2N} +1
V 1+><(z+>( )11+)( )i er £ ¢l and ey = ¢,
klea—cj])3

The proofs of lemma 3.13 and proposition 3.14 are similar to the proof of lemma 3.7 and
proposition 3.8 and are therefore omitted. In the following theorem we establish a stability
result for the least squares problem (3.25) that is similar to theorem 3.9.

Theorem 3.15. Suppose that Fy, F) € HS(L*(S")), let ¢1, ¢, € R* and Ny,N; € N, and define

2Ny +1) (2N, + 1)

C:= 5
(kler —¢a])?

We assume that, for all (j,1) € {1,2}?,

M= VC(VC+(N+1)+ N+ 1)) < 1.

20
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Denote by F, .F, F F, and FS F° F0 FO  the solutions to the least squares

G107 G257 41,9257 42,41 9177 9277 91,9277 42,41
problems
LS 7 = ~, ~, 7
Fy=Fg +Fg,+Fg 4+ Fgpq, Fy €V, Fyg €Vim (3.28q)
5 LS 725 =5 5 =5 =5 ¢ T Cj5Cl
Fo=F, +F,+F, ., +F, 4> F, EV’ F, q/EVAi N (3.28b)
respectively. Then,
= 7 -1 s .
1Fy — Follis < (=M )" |Fy—Fyllds,  j=1.2. (3.29)

To prove this result one can proceed similarly to the proof of theorem 3.9.

Remark 3.16. If N|,N, > 1, k|c; — ¢2| > 2(N; + N, + 1) in theorem 3.15, and

o (2N1 +1)(2N2+ 1)

<1
k‘Cl —6‘2| ’

then (4.7) remains true with C replaced by C. This can be shown analogously to the improved
estimate in remark 3.10. O

Remark 3.17. Similar to remark 3.11, including the reciprocity properties (2.28) and (3.3)
into the ansatz spaces for the least squares problems (4.6), the constants M, ;, (j,1) € { 1,2},
in theorem 3.15 can be improved by a factor of about 1/2. Given c1,c, € R? and Ny,N, € N,
one needs to replace the subspaces Vy, and Vi in (4.6) by Wyl and Wy, as defined in (3.23).

Moreover, the unknowns F, a1, F, paps and F PR F 0.q:» fespectively, have to be combined into

a single unknown using (3.3). O

If a priori knowledge of the sizes R; of the individual scatterers D; C Bg,(c;),j = 1,2, which
is required to determine the parameters N; 2 kR; of the ansatz spaces in the least squares for-
mulation (3.25), is not available but at least the approximate positions ¢; and ¢, are known,
then (3.25) can be replaced by an ¢! x ¢! minimization problem. In theorem 3.18 below we
present this approach and establish an associated stability result. As before, Fg represents a
noisy observation of a far field operator F, corresponding to a scatterer D = D U D, with two
well-separated components D; C Bg, (1) and D, C Bg,(c2). Accordingly, let

Fym Fy +Fp+Fg g+ Fpg (3.30)

be an approximate decomposmon of the exact far field operator with Fql €Wy, qu eV,

Fopg € Vi, n,» and Fopa € W\, for some Ny 2 kR and N; 2 kR,, which could be the least
squares solution of (3.25) but does not have to be computed. The bound &y > 0 in (3.31)
describes the accuracy of this approximate solution, which in case of the least squares solu-
tion corresponds to the error of the second order Born approximation and projection errors
as in (2.30) and (3.10). Now the optimization problem (3.33) seeks an approximate decom-
position of the given noisy far field operator F) in the spaces Vi, Vi, Vii'y,, and V',
but without specifying Ni, N, > 0 in advance. Here, the assumption (3.32) guarantees that the
approximate split (3.30) is feasible. The theorem gives a stability estimate for the solution of
this minimization problem.
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Theorem 3.18. Suppose that F, € HS (L*(SY)), let c1,ca € R? and Ny, N, € N such that for all

(7.0 e {1,212,

122N+ 1) (2N,+ D,

e
(kKlet —ea])*

We assume that F,,, € Vi F,€ Vs Fpg € Vv, Ny and Fppg € VN, are such that

1Fy = (Fou + Fos + Fope + Fn ) lluis < 0o (3.31)
for some 6y > 0. Moreover, suppose that F,, 0 ¢ HS(L*(S")) and § > O satisfy

8> 80+ [1Fy — Fyllns (3.32)
and let (F§1 ,ng,Fgl qz,ng o) € HS(L*(S"))* denote the solution to

minimize ||7—;‘1Fq1 ||€1><€] + “7—;‘2F(12||€1><€1 + ||7—;‘1,6‘2FQ1742||21X51 + |‘7—;‘2,01F 2,91 HE‘X[‘

Fyy Fgy o Fyy a0 5F oy a1

subject to ||F(S —(Fgy+Fg +Fg 0+ Fgrg) llns < 0.

q
(3.33)
Then,
= T —1 .
||F<1j_F2/||12LIS < (I_CJJ) 462’ Jj=1.2.
S T _ 6 o o— T 76
Proof. We define F:= F, — Fj, F\ := F, — Fy,, Fy:=F, = F},, Fi 2 := Fy 4, — F}, .. and
Fpp = qu,ql quq Moreover Wedenotetheéoxﬁo supportof’TCI T 42’7.6'17¢2F¢II7(IZ’

and T, ¢, Fg,.q by Wi, Wa, Wi 5, and W, 1, respectively, and the complements of the first two
by W{ and W5. We estimate, for j € {1,2},
1Tl = 1T (Fo+ ) e = 1T (Fay+ F) oo + 1o Fillaeeny ()
=175 (Fu + F) e enony + I TeFilloxer = ITeFlrxanony
2 | ToFgll @ xeyowy + T Fillexer — 2 Te.Fill o xeryowy)

6 . . . . . .
and we can do the same for Foa with j, 1 € {1,2}, j # 1. Together with (3.33) this gives

HTCI?IHZIXZ] + HTCZ?ZHEIXZI + ||7.Cl,02f‘1~,2||€'><l' + ”7'62,61?2,1”65%‘
2(1Te Fill e xenyowy) + | TerFall o xenyows)
weyWr ) + | Tese Faillorxenyows 1) - (3.34)

cr,e2t 1,
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Using (3.31)—(3.33) and (3.26) we obtain

46° > ||F\|fis + I1F2llfs + |1 F12lliis + 1P, s
—2[(F1, Fa)us| — 2|(F1, F12)ns| — 2[{F1,F2,1)ns|
_2|<?2;?1,2>HS| —2|<1~72j72,1>ﬁs| _2|<ﬁ1,2;1?2,1>l-15|

> |F1llfis + 1F2llfis + 1F12llfs + |1 P2l
) _ _ _ _
———————— (1T Filloxe I TeFalloxe + | Ter e Fiolloxo | Teye P21l xe)
(kler = c2)3
2

- 71(”7'61F1”Z‘><Z' ||7.Cl,02?1’2||6'><€' + ||7'81F1||E‘><Z' ||7.Cz,01?2’1||6'><€‘
(kler = c2)3

T Falloxe | Ter e Fiolloxo + |1 TeFallo o | Tese Pt e xer) -

For aj,...,as >0 a simple calculation shows that >°.3 . aia; < (X))’ <3Y,a2.
Together with (3.34) and the Cauchy Schwarz inequality this implies

2 iE2 = = 0 )
467 = ||F1llias + 1F2llias + I1F1 2 s + 1F2,1 llas
3 ~ ~ ~
——————(ITeFilloso + 1 Te:Fallo s + | Ter e F1 2
4(klcy — ca|)3
= = - = 2
= [|F1llas + [1F2llas + [1F1 2llas + 12,1 las
3

— —————(ITeFillo o wy) + 1 TeFallor e owa
(klep — eal)s

= ~ 2
+ H'TCl,CzFl,ZHZ‘ XLY (W) 2) + HTCLCle,] ||£1><é‘(Wz,|))

= = 2 = 2 = 0
= |F1llas + [1F2llas + [1F1 2llas + 12,1 las

3 1~ 1~ 1~ 1~ 2
— ————— (W12 [|F1llas + [Wal 2 [ F2llus + Wi 2| 2 [|F1 2 llas + (W21 21 F2,1 lss)
(klci = c2])3

> (1-C1)IFi s + (1= Co) | Fallfis + (1 — CI,Z)(Hil,ZHIZ-IS + \|?2,1||12{s) .

~ 2
oxet | Tere Failloxe)

O

The assumptions of theorem 3.18 are much more restrictive than the assumptions of theorem
3.15 and the stability estimate is worse, but the ' x /! minimization algorithm requires less
a priori information and our numerical results in section 5 suggest that both algorithms work
comparably well.

Remark 3.19. Similar to remark 3.17 the reciprocity principle can be used to improve the
constants C;, (j,1) € {1,2}?, in theorem 3.18 by a factor of about 1/2. O

4. Far field operator completion

We consider the inverse problem (b) introduced in section 2.1. Suppose that the scat-
terer D C Bg(c) is contained in a ball of radius R >0 centered at ¢ € R?, and that the far
field pattern u° cannot be observed on some subset 2 C S' x S'. Without loss of gener-
ality we assume that ()¢ is symmetric in the sense of reciprocity, i.e. that ¢ = Q%" with
Qo= {(—d,=X) | (x;d) € Q°}. Otherwise (2.3) can be used to extend the restricted far field
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patterns from €€ to QU Q%". We define the infinite dimensional subspace
Vo = {G €HS (L* (")) ’ Gg= / xa (wd)a(;d)g(d)ds(d), a € L* (' x Sl)} .
S1

Given the restricted far field operator F,|qc from (2.5) we seek approximations ?’Vq € Vy and
B € Vg of the far field operator F; and of its non-observable part B := F, | — F, satisfying
the least squares problem

Fjlo- =F,+B inHS(L*(5")). @.1)

The condition number of (4.1) is given by the cosecant of the angle between V5, and Vg,
which can be estimated using upper bounds on the cosine of the angle between these two
spaces.

Proposition 4.1. Suppose that G € V5, and H € Vg, for some ¢ € RENeN, andQ C S' x S
Then,

(G, H)us| _ (2N+1)/]0] 4.2)

IGlluslHllus 2m '

Proof. Using (3.13), Holder’s inequality, (3.14) with p = oo, and (3.17) yields

1
(G, H)us| = [{G,H) 2| < |Gl [H]lw = TGl [1Hllr < 5 ITeGllor e | Hl

< VTGl ool Hl| o (2N +1) /19|
= 27 2T

[TeGllexellHl: < 1Glns | Hllus -
O
In the following theorem F 2 o denotes a noisy version of a restricted far field operator F; |«
corresponding to a scatterer D C Bg(c) that cannot be observed on 2 C S I'x S!. We assume
that a priori information on the approximate location of the scatterer is available, i.e. that the
ball Bg(c) is known, and we establish a stability estimate for the least squares problem (4.1).

Theorem 4.2. Suppose that Fq,Fg € HS(L*(S")), ce R2, NeN, and Q C S' x S such that

2N+1)+/|Q2
szi( +2) | |<1.
T

Denote by F, , and F 2 the solutions to the least squares problems

Fylo- 2F,+B,, F,eV§, By € Va, (4.3a)

LS55 | & = >
Flloc = F) +B), F)eVy, B) € Va, (4.3b)

respectively. Then,

~5 = -1
IF) = Fylls < (1-C*) |[F) ollZs (4.4q)

2. (4.4D)

o —F,

~s  ~ —1
IBS —B,|4s < (1-C) " |F

Qc—Fq

Qe
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Proof. Denoting F := F|q- —Fg o, Fi= E _7:2 € Vy and B ::Eq —E,‘j € Vq, the least

squares property (4.3) implies that

|Flfis = IF + Bllgs + |1F = (F+B) I > IF + Bllfs.
Therefore, using (4.2) and the arithmetic-geometric mean inequality yields

|Flliis + 1Bllfs — 2|(F. B)us| > [IFll&s + [|Blliis — 2CI|Fllus 1 B1ns
|Flliis + I1BllEs — C* I Fllis — 1Blls -

1l

: (4.5)

VoWV

This shows the first estimate in (4.4), and the second estimate is obtained by interchanging the
roles of F and B in the last step of (4.5). O

Remark 4.3. Similar to remark 3.11, including the reciprocity property (2.28) and replacing
the space Vy, in theorem 4.2 by Wy, from (3.23) and (3.24) allows to improve the constant C
in the stability estimate (4.4) by a factor of about 1/ V2. O

Remark 4.4. As we already discussed in remark 3.12 for far field operator splitting, it would
be possible to complete the far field operator F,; by completing the far field patterns u,° (;d)
for each illumination direction d € S' individually using the methods developed in [29]. The
stability estimate in [29, theorem 5.5] and in theorem 4.2 have the same structure, but again
the constant C{! in theorem 4.2 is roughly the square of the corresponding constant in [29,
theorem 5.5]. This means that one should use the data completion scheme developed in this
work, when completing whole far field operators. O

Several variants of this data completion scheme have been discussed for single far field
patterns in [29], and these can in principle also be generalized to the setting considered in
this work. For instance one can avoid the required a priori knowledge of the size R > 0 of the
scatterer by reformulating the data completion problem as an ¢! x ¢' minimization problem
similar to theorem 3.18. Since the size of the support of the scatterer enters the stability estimate
in theorem 4.2 via the parameter N 2 kR, it is often advantageous to combine far field operator
completion with far field operator splitting to obtain better stability properties. In theorem 4.5
below we provide a corresponding stability result. It can be shown by combining the proofs of
the theorems 3.15 and 4.2, and the proof is therefore omitted.

Theorem 4.5. Suppose that Fq,Fg € HS(L(SY)), c1,¢2 €R?, Ni,N, €N, and Q C S' x S'.
We define

2N;:+1)(2N;+1)+/|2
and G = \/( it )(2 DV |»
T

2N+ 1) (2N, + 1)

C:= 3
(klc; —c2)?

where (j,1) € {1,2}>. We assume that, for all (j,1) € {1,2}?,

My = fc(fc+(21vj+ 1)+(2N,+1)) +Cy <1,
Cipo+Cip+Co i +Cp < 1.
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Denote by Fy ,Fy,,Fy 4,,Fy.q.,B4 and Fgl,ng,thqz,ng,ql,Bg the solutions to the least
squares problems
LS 3 = = = = = P = s
Ftl Qe = Fql Jrqu +F6]17q2 Jrqum Jqu, qu € VI%Z? Ff//ﬂ/ € Vlsl;;\]/,v Bli €Va, (4.6a)

) LS 7§ T ) )
Fylae = Fy +Fg, +Fy 4, +Fy, 4

+B), F,eV,F, €V, B €Va, (4.6b)

respectively. Then,

= 7 -1 .
1Fg = Fyllis < (1= M+ Cip) IFg = Fyllis,  j=12,  47a)
1By _Eguzﬁs <A —(Cri+CiatCoi+C)) ' |IF, —Fllfs- (4.7D)

5. Numerical examples

We briefly comment on the numerical implementation and illustrate the performance of our
far field operator splitting and completion methods. As before, let D = D; UD; be a scat-
terer with two well-separated components D; C Bg,(c;) for some ¢; € R and R; > 0, j =1,2.
Assuming that far field patterns cannot be observed on a subdomain 2 C S' x S! satisfying
Q¢ = Q4" i.e. given the noisy restricted far field operator G := F' 3 |oc we aim to recover the
non-observable part B := F,|o- — F,; and the far field operator components F,, and F,, asso-
ciated to the two scatterer components individually.
The least squares approach from theorem 4.5 requires to solve

LS = = = - >
G:Fth +FQ2+FCI17qz+qu>Q1 -l-B,
Fp €V Fp €V Fogn €V N, Fang € VNN, » BEVa. (5.1)

If the assumptions of theorem 4.5 are fulfilled, then the solution to (5.1) can be approximated
efficiently using conjugate gradients. On the other hand, the ¢! x ¢! approach in theorem 3.18
can also be extended to simultaneously splitting and completing far field operators. Introducing
a Lagrange multiplier 1/u > 0 the associated unconstrained optimization problem consists in
minimizing

2
\I’M (FQI’FQZ’FQHQZ’FQLQI) = HG*’PQ (Fql JrFtlz JrFqlJiz JrFt]z,ql)HHs 5.2)

+N(||'Tqu1 ||é‘x£1 + ||7’62qu|‘€1><€‘ + ‘|7—;‘17C2Fq1742‘|€l><£]
+ HT62761F1127111 H@‘xé')

with  respect to  (Fy,Fy,Fy g0 Fan) € HS(L*(S'))*.  The unique minimizer
(Fql ,qu,;’ql 7q2,74}h7q] ) of ¥, can be approximated using iterative soft thresholding (see
[4, 16]). Then I:;q = I~7ql +I~7q2 +I~7ql,q2 +I~7M1 is an approximation to F,, and B:= —ng’q
approximates the non-observable part B.

We discuss three examples, where we use k =0.5 and ¢ = —0.5xp, + Xxp,. Example 5.1 is
concerned with far field operator splitting only, i.e. = (), while in example 5.2 we consider
far field operator completion but without splitting, i.e. we view D as a single object. Finally,
in example 5.3 we combine far field operator completion with far field operator splitting and

show that this often yields better results.

26



Inverse Problems 40 (2024) 115010 R Griesmaier and L Schétzle
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Figure 4. Left: geometry of scatterer (solid) and a priori information on location and
size of components (dashed) in example 5.1 for varying distance (|c; — c2| = 40 high-
lighted). Right: geometry of scatterer (solid) and a priori information on location and
size of components (dashed) in example 5.1 for varying size of D; and varying R,
(R1 = 3.5 highlighted).

Example 5.1. We study the accuracy of the numerical reconstructions for far field operator
splitting depending on the distance between the two components of the scatterer, and with
respect to the size of these components. In our first test, we vary |c; — ¢;| as depicted in
figure 4(left), using R; = 3.5 and R, =5, and in our second test, we vary the size of D| and R,
as shown in figure 4(right). We apply a Nystrom method to evaluate the far field operator F,
for L =256 equidistant illumination and observation directions on S' for each of these config-
urations. We add 5% complex valued uniformly distributed additive relative error to F, and
denote the result by F’ g.

To solve the far field operator splitting problem using the least squares approach, we assume
the dashed circles in figure 4 to be known a priori. Accordingly, we choose Ny =3 and N, =7
for the first test, and Ny € {2,2,3,4,4,5,6,6} and N, =4 for the second test. For the /' x I!
approach, we use ;2 = 1073 in (5.2). In contrast to the least squares method no a priori inform-
ation on the approximate size of the components D and D, but only the approximate positions
c1 and ¢, are required. These are indicated by the two crosses inside D and D, in figure 4. We
also simulate the far field operators F;, j = 1,2, corresponding to the two scatterers individu-
ally using the Nystrom method and compare them to the results of our reconstruction method
by evaluating relative reconstruction errors

o HFq/_Fq/”HS _
el 1Fgllns ’

In figure 5 these relative errors are shown. The left plot corresponds to our first test with
varying distance between the two components of the scatterers, and the right plot corresponds
to our second test with varying diameter of the first component. By and large, the relative
errors decay with increasing distance and also with decreasing diameter. This is to be expec-
ted because the accuracy of the second order Born approximation and also the stability of both
reconstruction algorithms improve in this case (see theorems 3.15 and 3.18). Both computa-
tional approaches yield satisfying results of comparable accuracy. O
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Figure 5. Left: relative errors of far field operator splitting for varying distance |¢; — ¢2|.
Right: relative errors of far field operator splitting for varying size of scatterer D;.
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Figure 6. Left: geometry of scatterer (solid), a priori information on location of scatterer
(dashed) in example 5.2, and a priori information on location of components of scatterer
(dotted) in example 5.3. Center: support of missing data segment €2 («) for varying
width « (©;(7/16) highlighted). Right: support of missing data segment 2, () for
varying width o (Q(7/16) highlighted).

Example 5.2. We consider far field operator completion and study the accuracy of numerical
reconstructions depending on the size |€2| of the non-observable part 2. The geometry of the
scatterer D = D; U D, is shown in figure 6(left). In our first test, we assume that the missing
data segment € (cv) is supported on a union of two strips of width o € {5, 35,..., 97}, as
shown (in polar coordinates) in figure 6(center). In our second test, we suppose that the missing
data segment $2,(«) is supported on a union of two strips of width « and a square with side
length 3 := \/a(27 — ) for a € {35, 23—’27, e 130—2”} as shown in figure 6(right). Accordingly,
the relative area of the missing data segments is given by

[ (a)] _ [(a)]
472 472

€ (3%,6%,...,31%} .

We simulate the associated far field operators using a Nystrom method with L=256
equidistant illumination and observation directions on S', and we add 5% complex valued
uniformly distributed additive relative error.

To solve the far field operator completion problem using the least squares approach, we
assume the dashed circle in figure 6 to be known a priori. Accordingly, we choose N =9. For
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Figure 7. Relative errors of far field operator completion. Left: cross-shaped missing
data segment 2 = €. Right: disconnected missing data segment 2 = €2,.

the ¢' x ¢! approach (without splitting) we use ;1 = 10~3. We evaluate relative errors

L HFq _Fq”HS
Erel = T =1

B—B
and er% = 7” ”Hs
[1Fgllns | Bl|us

for the reconstructed far field operator Fq and for the reconstructed non-observable part B.
The results are shown in figure 7. The left and right plot correspond to our first and second
test with the missing data segment €2 = )} and 2 = €2, respectively. By and large, the relative
reconstruction errors mostly decays with decaying area of {2 in both cases. The least squares
approach yields slightly better reconstructions than the ¢! x ¢! approach. The two examples
show that the quality of the reconstruction not only depends on the area || of the missing data
segment but also on the geometric structure of €. O

Example 5.3. We consider the same setting as in example 5.2 but now we combine far field
operator splitting and completion and show that this leads to better numerical reconstructions
than those of example 5.2. For the least squares approach we assume the dotted circles in
figure 6(left) to be known a priori. Accordingly, we use Ny =3 and N, =4 in (5.1). For the
associated ¢! x ¢! minimization problem (5.2) we use p = 10~>. Again the data contain 5%
complex valued uniformly distributed additive relative error. We evaluate relative errors

— HFq_Fql _qu_Fql,qz_qu,mHHS and 6(21 — HB_BHHS
[1Fqllns * [|Bllns

€rel

for the reconstructed far field operator fq and for the reconstructed non-observable part B.
The results are shown in figure 8. The left plot corresponds to our first test with the missing
data segment 2 = €2}, and the right plot corresponds to our second test with {2 = (2,. When
comparing figures 7 and 8, we find that combining far field operator completion with far field
operator splitting yields more accurate results. This is due to the factthat Ny + N, =7 <9 =N,
where N denotes the parameter determining the dimension of the space Vy; in example 5.2.
Accordingly, sparser representations are used when combining far field operator completion
with far field operator splitting, which leads to increased stability (see also theorem 4.5). ¢
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Figure 8. Relative errors of simultaneous far field operator completion and splitting.
Left: cross-shaped missing data segment {2 = €2;. Right: disconnected missing data seg-
ment Q = Q.

6. Conclusions

Untangling multiple scattering effects to approximate the scattering response of each scatterer
in an ensemble of several scattering objects from scattering data for the whole ensemble is
a basic question in inverse scattering theory. We have developed conditions on how far apart
two scatterers have to be in order to be able to split their far field operator with a reasonable
condition number. Closely related is the question of resolution in inverse scattering, i.e. how
far apart do two scatterers have to be in order to be able to distinguish them in a reconstruction.

We have also discussed the data completion problem to recover missing or corrupted scat-
tering data segments in remote observations. We have established conditions on how large
the area covered by the affected illumination or observation directions in the scattering data
can be in order to guarantee that the associated far field operator can be reconstructed with a
reasonable condition number.

For both inverse problems we have seen that these conditions for well-posedness are less
restrictive for scattering problems and associated far field operators than for source problems
and associated single far field patterns as considered in [29]. In fact, the correlation between
scattered waves corresponding to different incident plane waves improves the stability.
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