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Abstract

We discuss a time-harmonic inverse scattering problem for a nonlinear Helmholtz equa-
tion with compactly supported inhomogeneous scattering objects that are described by a
nonlinear refractive index in unbounded free space. Assuming the knowledge of a nonlinear
far field operator, which maps Herglotz incident waves to the far field patterns of corre-
sponding solutions of the nonlinear scattering problem, we show that the nonlinear index
of refraction is uniquely determined. We also generalize two reconstruction methods, a fac-
torization method and a monotonicity method, to recover the support of such nonlinear
scattering objects. Numerical results illustrate our theoretical findings.

Mathematics subject classifications (MSC2010): 35R30, (65N21)
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1 Introduction

The linear Helmholtz equation is used to model the propagation of sound waves or electromag-
netic waves of small amplitude in inhomogeneous isotropic media in the time-harmonic regime
(see, e.g., [9]). However, if the magnitudes are large, then intensity-dependent material laws
might be required, and nonlinear Helmholtz equations are often more appropriate. A promi-
nent example are Kerr-type nonlinear media (see, e.g., |3, 34| for the physical background).
Optical Kerr effects are studied in various applications from laser optics (see, e.g., [1, 6]) both
from a theoretical and applied point of view. In this theoretical study we consider an inverse
medium scattering problem for a class of nonlinear Helmholtz equations that covers for instance
generalized Kerr-type nonlinear media of arbitrary order.

To begin with, we discuss the well-posedness of the direct scattering problem. We consider
compactly supported scatterers that are described by a nonlinear refractive index, which we ba-
sically assume to be well approximated by a linear refractive index at low intensities. Rewriting
the scattering problem in terms of a nonlinear Lippmann-Schwinger equation we use a con-
traction argument together with resolvent estimates for the linearized problem to establish the
existence and uniqueness of solutions for incident waves that are sufficiently small relative to
the size of the nonlinearity. However, since the parameters in nonlinear material laws are typi-
cally extremely small (see, e.g., [3, p. 212]), this assumption is usually not too restrictive. As a
byproduct we also give a priori estimates for the solution of the nonlinear scattering problem as
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well as estimates for the linearization error, which are instrumental for the rest of the work. The
main reason for considering incident waves that are small relative to the size of the nonlinearity
here is that we later use linearization techniques to solve the corresponding inverse problem.
However, we note that a more general existence result for the direct scattering problem that
avoids any smallness assumption on the incident field has recently been established in [7] (see
also [14, 33]).

We define a nonlinear far field operator that maps densities of Herglotz incident fields to
the far field patterns of the corresponding solutions of the direct scattering problem. In the
linear case such far field operators are used to describe the scattering process for infinitely many
incident fields, and their properties have been widely studied (see, e.g., [9]). Similar to [32]
(see also [28] for the linear case) we derive a factorization of this operator into three simpler
operators. Here it is important to note that only the second operator in this factorization is
nonlinear. We derive estimates for the corresponding linearization error.

Restricting the discussion to a class of generalized Kerr-type nonlinearities of arbitrary order,
we then turn to the associated inverse scattering problem. We show that the knowledge of the
nonlinear far field operator uniquely determines the nonlinear refractive index. This generalizes
earlier results for the inverse medium scattering problem for nonlinear Helmholtz equations
from [11, 23]. In comparison to these works we consider a less regular and more general class
of nonlinear refractive indices. Our proof relies on linearization to determine the terms in the
generalized Kerr-type nonlinearity recursively, and it uses the classical uniqueness result for the
corresponding linear inverse medium scattering problem (see, e.g., [4, 35, 36, 37]). Recently, a
uniqueness proof that avoids the use of the linear result has been established for a more regular
class of power-type nonlinearities than considered here in [10, 31, 16]. Earlier uniqueness results
for semilinear elliptic inverse problems have, e.g., been obtained in [20, 21, 22, 43|. Furthermore,
inverse scattering problems for nonlinear Schrédinger equations, which are closely related to
the nonlinear Helmholtz equations considered in this work, have been studied using different
techniques than those applied in this work in [15, 38, 39, 40, 41, 42].

We also generalize two popular methods for shape reconstruction for inverse scattering prob-
lems, the factorization method and the monotonicity method, to the nonlinear scattering prob-
lem. A related factorization method has been discussed in [32] for a class of weakly scattering
objects and for scattering objects with small nonlinearity of linear growth. In comparison to
this work we consider a larger class of nonlinearities without any smallness assumption on the
nonlinearity, but on the other hand we assume that the incident fields are sufficiently small
relative to the size of the nonlinearity. For linear scattering problems the factorization method
has originally been developed in [24, 25, 26| (see also [8] and the monographs |5, 28]). Using
estimates for the linearization error we show that the inf-criterion from [26]| can be extended to
the nonlinear case considered in this work. However, since the far field operator is nonlinear,
the efficient numerical implementation of this criterion using spectral theory that is used for the
linear scattering problem no longer applies. Instead we have to solve a nonlinear constrained
optimization problem for each sampling point to decide whether it belongs to the support of
the nonlinear scatterer or not. This leads to a numerical scheme that is considerably more time
consuming than the traditional scheme for the linear case.

The situation is similar for the nonlinear monotonicity method. For linear scattering prob-
lems monotonicity based reconstruction methods have been proposed in |2, 13, 17, 18] (see also
[19, 44] for earlier contributions in electrical impedance tomography). Using linearization tech-
niques we show that the method can be extended to the nonlinear case considered in this work.
Again the tools from spectral theory that have been used for the numerical implementation
of the monotonicity criteria in [2, 13| are not available for the nonlinear scattering problem.
However, we show that there is a close connection between the nonlinear monotonicity based



shape characterization and the inf-criterion for the nonlinear factorization method, which we ex-
ploit to implement the nonlinear monotoncity based reconstruction method in terms of a similar
constrained optimization problem as for the nonlinear factorization method.

We consider a numerical example with a scattering object that is described by a third-order
nonlinear refractive index using optical coefficients for glass from [3]. Since the nonlinear part
of the refractive index is extremely small, we work with incident fields of very high intensity
such that there is a significant nonlinear contribution in the scattered field. The forward solver,
which is based on the same fixed point iteration for the nonlinear Lippmann-Schwinger equation
that we use to analyze the direct scattering problem, as well as the reconstruction methods work
well. This suggests that the smallness assumptions on the intensity of the incident fields that
we have to make in our theoretical results is not too restrictive.

The article is organized as follows. In Section 2 we introduce the nonlinear scattering prob-
lem, and we establish existence and uniqueness of solutions for the direct scattering problem. In
Section 3 we turn to the inverse scattering problem to recover the nonlinear refractive index from
observations of the corresponding nonlinear far field operator. Focusing on a class of generalized
Kerr-type nonlinearities, we show that this inverse problem has a unique solution. In Sections 4
and 5 we derive and analyze a nonlinear inf-criterion and a nonlinear monotonicity method for
reconstructing the support of nonlinear scatterers. In Section 6 we provide numerical examples.

2 The nonlinear scattering problem

The nonlinear wave equation

824

W(t,x) — AY(t,x) = h(z,(t,x)), (t,z) e R x RY,

is used to model the interaction of acoustic or electromagnetic waves with a compactly supported
inhomogeneous penetrable scattering object with nonlinear response in d-dimensional free space
for d = 2,3. In the following we restrict the discussion to nonlinearities of the form

B, 0t ) = k(o [t D))ot a),  (tz) R xR,
where ¢ : R? x R — R is real-valued. Specifying a wave number k > 0, the time-periodic ansatz
O(z,t) = e Fu(x), (z,t) e RIx R,
gives the nonlinear Helmholtz equation
Au+k*u = —kq(z, |u|)u, zeRY.

Denoting by n? := 1+ ¢ the associated nonlinear refractive index, we make the following general
assumptions throughout this work.

Assumption 2.1. The nonlinear contrast function ¢ € L (R% x R) shall satisfy
(i) 2 € Cw q(-,|2]) € L®(RY) is continuous,
(i) q(-,]z]) =0 a.e. in RT\ D for some bounded open set D C R% and all z € C,

(i4i) and there exist qo € L>®°(R?) with essinf gy > —1 in R? and g = 0 a.e. in R4\ D, and a
parameter o > 0 such that for any z1,z9 € C with |21, |z2| < 1,

la(,121D)z1 — (- 2222 — qo(21 = 22)|| oo oy < Collza|® + |21 — 2] . (21)
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For later reference we note that (2.1) implies
Hq( 2Dz = qozHLOO(]Rd) < Cq]z\l'm forall ze C, |2| <1. (2.2)

Example 2.2. An example for a nonlinear material law that satisfies Assumption 2.1 is the
generalized Kerr-type material law

L
g(z,2)) = qo(@) + Y _a@)z]"  zeR?, zeC, (2.3)
=1
for qo,...,qr, € L™°(R?) that vanish a.e. in R?\ D, where the lowest order term satisfies

essinfgyp > —1 in R, and the exponents fulfill 0 < oy < --- < a, < co0. Using Lemma A.1 in
the appendix we find that, for any 21, 29 € C with |21, |22| <1,

la(-, 121121 — a( -, |22])2z2 — qo(z1 — ZQ)HLoo(Rd) =

L
Z @ (21|21 — [22]% 22)
=1

Loo(R4)
Lran O EIEN
<2 > llaill oo (ray -t ) izl
=1

Distinguishing the cases 0 < a; < 1 and a7 > 1 we obtain that

@ @ ! —min{l,o1} a1 a1

+ <2 (lz2] + [22]™) -
2 2

Accordingly, (2.1) is satisfied with a = oy and C, = 2t+er—min{le1} Zlel g1l oo ey For the

special case when L = 1 and a7 = 2 this gives the well-known Kerr nonlinearity (see, e.g., [3, 34]).

O

We suppose that the wave motion is caused by an incident field u’ satisfying the linear
Helmholtz equation ‘ '
Avt+ k' =0  inRY. (2.4a)

The scattering problem that we consider consists in determining the total field v = u’ 4+ u® such
that
A+ E*n? (- |lul)u = 0 in RY, (2.4b)

where the scattered field u® satisfies the Sommerfeld radiation condition

lim r 2
T—00

(L) k@) =0, =P, (24¢)

uniformly with respect to all directions z/|z| € S9~1.

Remark 2.3. Throughout this work (nonlinear) Helmholtz equations are to be understood in
the strong sense. For instance, u € HZ_(R?) is a solution to (2.4b) if and only if it satisfies
the equation weakly almost everywhere in R¢. Elliptic regularity results show that u’ is smooth
throughout R?, and that u and thus also u® are smooth in R? \ D. In particular the radiation
condition (2.4c) is well-defined. As usual we call a solution to a (nonlinear) Helmholtz equation

on an unbounded domain that satisfies the Sommerfeld radiation condition a radiating solution. {



Next we show that the scattering problem (2.4) is equivalent to the problem of solving the
nonlinear Lippmann-Schwinger equation

u(z) = wilz) + k2 /D (w — 1)a(v. lu(v)uly) dy,  z €D, (2.5)

in L*°(D). Here @y is the outgoing free space fundamental solution to the Helmholtz equation,
ie., for z,y € RY 2 # gy, we have ®p(z —y) = (i/4) Hél)(k\x —y|)if d =2 and Pp(z —y) =
e*l*=vl /(4nc|z — y|) if d = 3. The arguments that we use to prove this are the same as in the
linear case (see, e.g., [27, Thm. 7.12]).

Lemma 2.4. Let ¢ € L¥(R% x R) such that z € C ~ q(-,|z]) € L¥(RY) is continuous
and q(-,|z|) = 0 a.e. in R4\ D for some bounded open set D C RY and all z € C. Ifu € HE (R)
is a solution of (2.4), then u|p is a solution of (2.5). Conversely, if u € L*>°(D) is a solution
of (2.5) then u can be extended to a solution u € HZ (RY) of (2.4).

loc

Proof. Let u € HZ _(R?) be a solution of (2.4). Then q(-,|u|)u|p € L*®(D), and the volume
potential v := k2®y  (q(-,|u|)u) € HZ (RY) is a radiating solution of

loc
Av+ kv = —k%q(-, Ju))u in RY (2.6)

(see, e.g., [27, Thm. 7.11]). Accordingly, u®—v is a radiating solution of A(u®—v)+k?(u®—v) = 0
in R%. Thus v = u® (see, e.g., |9, p. 24]), which proves the first part.

Conversely, let u € L>(D) be a solution of (2.5). Defining v := k?®y * (q( -, |u|)u) in R?, we
find that u = u’ 4+ v in D. Moreover, v € HZ, (R?) satisfies (2.6), and if we extend u by u’ + v
to all of R?, then u solves (2.4). O

In the following we consider this problem for more general source terms and study radiating
solutions v € HZ (RY) of

loc
Av+ ko = =Kq(-,Jo+ f)(v+f) iR, (2.7)

where f € L°°(D). In this situation, f represents the incident field and v the corresponding
scattered field. As in Lemma 2.4 we find that this is equivalent to the problem of solving the
nonlinear integral equation

o@) = K [ @ =)o) + S0 + @) dy,  weD. (@3)
in L>°(D).
Remark 2.5. In the linear case, i.e., when g = g, the scattering problem (2.7) reduces to
Avg + /{?21)0 = —k2qO(Uo + f) n Rd, (2.9)

and the corresponding linear Lippmann-Schwinger equation reads

wl) = k2 /D i — vao)(woly) + f) dy, zeD. (2.10)

We note that I — k>®;, % (qo-) is an isomorphism on L?(D) (see [27, Thm. 7.13] for the corre-
sponding result in the case when D is a ball Br(0)). On the other hand, k?®;, * (go-) maps
L>®(D) into H?(Bg(0)) for Br(0) containing D (see [27, Thm. 7.11]), and the restricted embed-
ding of H2(Bg(0)) into L>(D) is compact (see [12, Thm. 7.26]). Combining Riesz’ theorem (see



[30, Thm. 3.4]) with the uniqueness of radiating solutions to (2.9) (see [27, Thm. 7.8]) shows
that I — k2®y x (qo-) is an isomorphism on L>°(D) as well. In particular we have

(1 — K@% (q0- ))719“L2(D)
12 = i (0-)) " 9ll o 1)

IN

Crsa2llgllzz(py » g € L*(D), (2.11a)
CLs,collgll o (D) » g€ L>=(D). (2.11b)

IN

Accordingly, the unique solution vy of (2.10) is given by

v = (I —K*® % (g0-))  (K*®p % (q0f)) in D, (2.12)

and we denote by Vj the linear operator that maps f to vg. The solution vy can be extended by
the right hand side of (2.10) to a radiating solution of (2.9) in all of R which we also denote
by vg = Vo f. For later reference we note that (2.11) implies

Vo fllz2(p)
Vo fllLe(p)

Cvp2llfllz2(py » feL*D), (2.13a)

<
< Cvp,ooll fllLeo () » f € L®D), (2.13b)
where Gy o = K*CL 00| Pkl L1 By (0)) 90l 2% (D) and Cvy 2 = K Crso|| @kl 1 (yp(0) ll40]| oo (0)-
Here and in the following R > 0 is chosen such that D C Br(0). O

In Proposition 2.6 below we establish well-posedness of (2.7). Writing
Us :== {ve L®D)||vllp=mp) <6},  6>0,

we show that for any f € Us with § > 0 sufficiently small there exists a unique solution v of (2.8)
in L*°(D) such that the difference w := v — vy with vy from (2.12) satisfies w € Us. We call
this v the unique small solution of (2.8). Denoting by V the nonlinear operator that maps f
to v, we shall see that V' is Fréchet-differentiable at zero and V'(0) = Vj. The mere existence of
such an operator is well-known, see for instance, |7, Thm. 1.2|, [14, Thm. 1], or [33, Thm. 1].

Proposition 2.6. Suppose that Assumption 2.1 is satisfied. There exists 6 > 0 such that for
any given f € Us the nonlinear integral equation (2.8) has a unique solution v =V (f) € L*°(D)
satisfying v — Vo f € Us, and there exists a constant' C > 0 such that, for all such f,

IV(Hlleepy < Clifllze(py (2.14a)
IV(Nllzpy < Clifll2oy » (2.14b)
V() = VofllLemp) < C”f”itooép) ; (2.14c)
IV(f) = Voflle2py < C”f”%OO(D)”f”L2(D) . (2.144)

Remark 2.7. The proof of Proposition 2.6 below shows that the upper bound § > 0 has to
be such that the product Cy,0 > 0, where C; is the upper bound on the nonlinearity from
Assumption 2.1, is sufficiently small. This means that there is a tradeoff between the size of the
nonlinearity and the intensity of the incident fields and scattered fields that are covered by this
well-posedness result. O

Proof of Proposition 2.6. For any given f € L*(D) let vy := Vo f € L>(D) as in (2.12). Then,
v € L>®(D) solves (2.8) if and only if w := v — vy satisfies

w — k@ (qow) = K*@px (qn (-, Jw +vo+ f])(w+wvo+ f))  in D,

!Throughout C' denotes a generic constant, the values of which might change from line to line.



where qn := g — qo denotes the nonlinear part of the contrast function. This is equivalent to w
being a fixed point of the nonlinear map G : L>°(D) — L*°(D),

G(w) = (I -k *(q0-)) <k2¢k * (qn (- Jw +vo + f)(w +vo + f))) : (2.15)
Using (2.11b), Young’s inequality, (2.2), and (2.13b) we have for any f € Us and w € Uy that
|G(w) (D) < Csioo|[F*®x* (an (- [w + o + f)(w + 20 + ) | oo )
< k2CLS,oo”q)k”L1(BQR(O)) lan (-, |w +vo + f])(w + vo + f)HLoo(D)
K2 CL8 00l @1l L1 (Boe (0)) Callw + w0 + FIIE oy

< K018 00l ®1ll 11 (B2 (0) Ca (6 + (O o0 + 1))
Nl

Here, R > 0 was chosen such that D C Br(0). Similarly, applying (2.1) we obtain for any f € Us
and wi,wo € Uy that

G (w1) — G(wZ)HLw(D)
< K2 CLs 0ol | Pk L1 By (0)) Ca (lwr + vo + fllFoe () + 1wz + v0 + fllFoe () [lw1 — wal| oo ()
< k2018 00l Pkl 1 (8o (0))Ca 2(6 + (Crip o0 + 1)8) *[lwr — wa oo () -

Choosing 6 > 0 such that Cy > 0 is sufficiently small, we find that

A

IN

14+«

1
G|y <6, [|Glwr) = Gw2)llp=p) < 5 llwr = wallzee(p) -

So G : Us — Uy is a contraction, and Banach’s fixed point theorem yields the existence of a
uniquely determined fixed point w € Uy of G such that v = V(f) := w + Vi f solves (2.8).

It remains to show (2.14a)—(2.14d). This follows from (2.15), (2.11b), Young’s inequality,
and (2.2) because

IV(f) = VofllLey = IGV(f) = Vof)llz=(p)

= (1= K20y« (a0-)) " (K@ (an (- V() + IV + )]
K2 CL8,00 | Pl 11 (Bomon [|an (- [V (F) + FDV () + f)HLoo(D)
k201,00 | Pkll 1 (Bose (0) CallV () + FIIE oy

k2 CL8,00 | Pkl 11 (B (0) Ca(IV(F) = VoS ooy + VoS + Fllee)) "IV () + fllLe(p) -
(2.16)

IAIA

IN

Hence, (2.13b) yields
IV ()l (p)y < Cvipooll flloe (D)

+ k2 CLS 00| Pl 11 (B (0))Ca (8 + (Cviproo + DO * (IV (Nl Lo (py + 1 f I£oo (1)) -

Given that Cy0 > 0 is sufficiently small as in the first part of the proof we thus obtain (2.14a).
Therewith, (2.16) shows (2.14c). Finally, using (2.15), (2.11a), Young’s inequality, and (2.2) we
get

IV(f) = Vofll2(py

= |GV (f) = Vof)llL2(py

= [[(1 = K20 (a0-)) " (K@ (an (- V() + IV + )l
K2 CLs2l| Pkl 21 (Bapion lan (-5 [V (F) + FDV () + f)HLz(D)

k> Crs2l| Pkl 1 (Bap(0)) CalllV (F) + F1H L2y

K2 CLs 2l Pkl Lt (Byr0)) CallV () + FlIZo iy IV (F) + Fll2 () -

IN

IN A
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Proceeding as before this implies (2.14b) when Cy0 > 0 is sufficiently small, and thus also (2.14d).
O

After extending the right hand side of (2.8) to all of R?, Proposition 2.6 guarantees the
existence of a unique small radiating solution of the generalized scattering problem (2.7) for
any f € L°°(D) that is sufficiently small. We denote this extension by v = V(f) as well. In
particular, Proposition 2.6 tells us that for all L®(D)-small incoming waves u’ we have a unique
small solution v = u’ + V(u'|p) of the nonlinear forward problem (2.4). Here small means
that ||V (ui|p) — T/()(ui|D)||Loo(D) < § with § > 0 from Proposition 2.6. Substituting the far field
asymptotics of the fundamental solution (see, e.g., [9, p. 24 and p. 89]) into the extension of the
integral representation (2.8) to all of RY, we obtain the following result.

Proposition 2.8. Suppose that Assumption 2.1 is satisfied, let § > 0 be as in Proposition 2.0,
and let f € Us. Then the unique small radiating solution v = V(f) € HZ (R?) of (2.7) admits
the asymptotic behavior

o(@) = Ca™a| T @) + 02 F), o] = o0,
uniformly in all directions T = x/|z| € S, where
Cy = e™\E8rk ifd=2 and Cy; = 1/(4m) ifd=3.

The far field pattern v> = (V(f))> € L?(S%1) is given by

v®(Z) = K /Dq(y7 () + W) (v() + fy)e ¥ dy,  Tesit. (2.17)

In the following we will we restrict the discussion to incident fields that are superpositions
of plane waves. We define the Herglotz operator H : L?(S%1) — L?(D),

(HY)(z) = -~ ¥(0)eF 0 ds(9), zeD, (2.18)

and we note that its adjoint H* : L?(D) — L?(S97!) satisfies
(H*$)(%) = / d(y)e FV Ay,  zFestl. (2.19)
D

The operators H and H* are compact. Observing that
1/2
| HYllse () < w3119l 2qsury (2.20)
where wy_1 denotes the area of the unit sphere, we define
_ 1/2
D(F) := {4 € LS | [§ll 2 (50-1) < /w0

where § > 0 is as in Proposition 2.6. Then any f = Hg with g € D(F) satisfies f € Us, and the
unique small radiating solution v = V(Hg) of (2.7) has the far field pattern v>* = (V(Hg))>.
Introducing the nonlinear far field operator F : D(F) C L*(S4~!) — L?(S%1) by

F(g) == (V(Hg))™, (2.21)
we obtain from (2.17) that
F(g) = H*(K*q(-,|v+ Hg|)(v + Hg)) .

These facts are summarized as follows.



Proposition 2.9. Suppose that Assumption 2.1 holds, and let g € D(F). Then the far field
pattern of the unique small radiating solution V (f) of (2.7) with f = Hg satisfies

F(g9) = H'T(Hyg), (2.22)
where T : D(T) C L*(D) — L?(D) is defined by
T(f)(x) = Kq(z, V(@) + f@) V(@) + fx), zeD. (2.23)
Here D(T) := H(D(F)).

Remark 2.10. In the linear case when ¢ = qo, the far field operator Fy : L?(S%1) — L?(891)
is given by
Fog = (VoHg)™

The factorization (2.22) reads
Fog = H'TyHg, g€ L*(S*),
where Ty : L2(D) — L?(D) is defined by
Tof = K*qo(f +Vof). (2.24)
Then (2.2) implies that, for any f € D(T),
IT(f) = Toflr2py = E*||a(- IV + DV + f) — ao(Vof + f) HL2 I
< K laC V) + V) + £) = oV () + D) 2y + B lao(V(F) = Vo)l z2o)
< FCIVE) + 17 Loy + Flloll e o) IV (F) = vofuLz(D).
Applying (2.14d) and (2.14a)—(2.14b) gives
IT(f) = Tof N2y < K2 CllV () + FEeomy IV () + fllzoy + ClE NGy 1F 220

(2.25)
< CliAN Tyl f 2 (o)
Similarly, using (2.14¢) and (2.14a), we find that, for any f € D(T),
IT(f) = Tofllpy < CIFITE D - (2.26)
O

3 Uniqueness for the inverse scattering problem

In this section we restrict the discussion to generalized Kerr-type nonlinearities ¢ as in (2.3). We
show that the knowledge of the nonlinear far field operator uniquely determines the associated
nonlinear refractive index. A related result has recently been established for a different class of
real analytic nonlinearities in [11].

Theorem 3.1. For j =1,2 let

¢ (x, |2) +Zq 2zl zeR? zeC,j=1,2, (3.1)

be a generalized Kerr-type nonlinearity, where q(J) ..,qg) € L®(RY) with support in D, the

lowest order term satisfies essinf q(]) > —1, and the exponents fulfill 0 < oy < -+ < ap < 0.
If the associated nonlinear far field operators satisfy FY = F®) | then ¢V = ¢(?).



Proof. By linearization around zero we first show that q(l) = qéQ) in (3.1). We consider factor-

izations of the far field operators F() = H*T(])( ), j = 1,2, as in Proposition 2.9, where H
and H* are the Herglotz operator and its adjoint from (2.18) and (2.19), and the operator TV is

as in (2.23) with ¢ replaced by ¢\9). Furthermore, we denote by To(j ) the bounded linear operator
from (2.24) with gg replaced by q(j). Then (2.26) shows that TU)(f) = T(] f+ O(Hf”%%j&) )
as || fllze(py = 0. Recalling (2.20), we obtain from FO) = F@) that

FV = i1\ = i* 1P H = Y,

where Féj ) is the linear far field operator corresponding to the contrast function q((]j ), j=12.
The uniqueness of solutions to the inverse medium scattering problem for the linear Helmholtz

equation (see, e.g., [27, Thm. 7.28] or [4, 35, 36, 37]) implies that ¢\ = ¢\’ =: qo. In particular
we conclude that To(l) = Téz) =:Tp.
To prove the theorem by induction, we now assume ql(l) = ql(2) = qforl=0,...,m—1,

where m € {1,...,L}. The nonlinear Lippmann-Schwinger equation (2.8) gives, for f € Us and
J=12,

yO)(f) = kzq)k*(q(j)(. VO + ) (VO(f )+f)) in D.

Here, V(j)( f) stands for the solution map V(f) from Proposition 2.6 with ¢ replaced by q\9).
Setting o := 0 and using (3.1) we obtain that

v = v
= K2®p« (¢ (VO + VI + F) = dP L IVESL) + FIHVES) + 1)

m—1
s (X a(VO0) + 0O + )= VOW + O+ 5))
=0
L
+ K2, (Z (VO + @O + 1) = g VA + A VO + f>))

l=m

(3.2)

in D. Applying Lemma A.1 and (2.14a) we find that, for [ =1,...,m — 1,

VO F) + £l (VO f) + £ = VO ) + 1 (VEF) + £)
< C(fl+ VO +IVAOADM VO = V(] (3.3)
< CIN G [V = VE()].

Accordingly,

>_A

m—

a(IVOD) + VO + ) = VO + AV O(f) + 1))

=0
= Gtmaa (VO = V()

where ¢ ;m—1 € L>*(R?) is given by

VA + flaVO) + f) = VO + fle(VO(f) + f
- 1__%r%§:qﬁ () + FI( &%n(f;_L/@N;; VOD D

=1
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Therewith (3.2) can be rewritten as

(I — k@ * (qfm—1")) (V(l)(f) - V(Q)(f))

= k2P <§j (VS + VOB + 1) = P VO + v (f) + f)>> -

l=m

We note that gf,,—1 is supported in D and (3.3) implies that
Tt — dollzeo) < OIS (3.4)

Hence, for f € Us such that || f||;~(p) is sufficiently small, we conclude from (2.11b) that the
operator I — k?®y # (G m—1-) : L®(D) — L>®(D) is invertible with a uniform bound for the
operator norm of the inverse (see, e.g., [30, Thm. 10.1]). Denoting

L
= S (@ VO + @O + 1) = gD VEG) VIR ) (35)

l=m

we find from (3.2), Young’s inequality, and (2.14a) that

VOIS = VO iy = 1T = F 5 @) (k% RO o)

< C||k*®k * R(f)|| 1= (D)

< Ol @kl 1 (Bym o)) 1R L= (D) (3.6)
< C(IVOU) + ISz +IVE) + FlIg=Eh)

< ClIfIIS= s -

Lo°(D) "

Here, R > 0 was chosen such that D C Br(0).

Next we want to use (3.6) in order to deduce gV = ¢'?. Set wp =V (f) = VE(f). By
assumption we know that the far field of wy vanishes whenever f is a sufficiently small Herglotz
wave, i.e., when f € Us N R(H) with 6 > 0 as in Proposition 2.6. Moreover, we find as in the
proof of Lemma 2.4 that (3.2) implies

Awf + k:2(1 + q~f7m_1)wf = —kJQR(f) n Rd,

in particular Awy + k*w; = 0 in R?\ Bg(0) and wy is radiating. So Rellich’s lemma (see,
e.g., [9, Lmm. 2.12]) gives wy = 0 in R?\ Br(0). Now let v € H2(Br(0)) be any solution of
Av + k*(1 + go)v = 0 in Bg(0). Then, for all f € Us N R(H),

31) (9wf
0= / wr— —v—=| ds
8BR(O)< f@u aV )

= / (wav — vAwf) dx
Br(0)

(o (R o) = (R0 Gy = R

S5~

" U(sz(f) + kz@f,mq — qo)wy) da
R

v(k:zR(f) + kz(?jﬁm,l — qo)wy) dz.

I
S—
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In the last equality we used that R(f) and Gf.,—1 —qo are supported in D by our assumption on
the nonlinear contrast function. In (3.6) we found that [|wy||re(py < C||f HO‘"”LI and combining

this with (3.4) gives
0= /D VR(f) da+ O(IFIS2a Y as | fllze(p) — 0. (3.7)

Next we identify the leading order term in

R(f) = (q£n> Q§3))|%()+f|°‘m( o(f) + f)
g (VO + F1om (VO + ) = Volf) + £ (Vo(f) + £))
— g (IVOS) + F (VALY + £) = Vo () + FI° (Vo(f) + 1))

+§j( WO+ VO () + ) = g VA + FI VO + 1))

l=m+1

Using Lemma A.1 and (2.14a), (2.14¢) we obtain that, for j = 1,2,

(VO + flem (VO )+ f) = [Vof + 1o (Vof + £)]
< C(If1+ VO + Vof) VO () = Vi f| (3.8)
< ClIflIgmtott

Similarly, we find that, for j = 1,2 and l=m +1,..., L,
VO + VO + )] < CIAIGZ L (3.9)
Substituting (3.5) into (3.7), and applying (3.8)—(3.9) gives
0= /D v (gl —aD)Vof + F1 (Vof + f) dz + O(IIF 1325 ) + O (11T h) ) -

as || fllzee(py — 0. Hence, for all f € Us " R(H),

0= [ olald —a@)lVos + 11 (Vo + ) da
D

Setting f = f1 +tfa for f1, fo € Us N R(H) and differentiating with respect to ¢t at ¢ = 0 gives

0= [ olaf) — )20 ) do
D
where
Om
Z(f1 fo) = (14+ 22 ) Vofi + A" (Vofa + fo)
+ Vo + A (VoS + £ B+ o)

Since if; € Us N R(H), too, we even get

Oz/v(q()—qm)( (f1,f2) + Z(if1, f2)) da
D (3.10)

— 2+ am) /Dv () = ¢2) Vo fi + fil*" (Voo + f2) da

12



Observing that Vp is linear, (3.10) holds true for all fi, fo € R(H).

Next we recall that the span of all total fields f + Vjf that correspond to radiating so-
lutions Vjf of the linear scattering problem (2.9) with Herglotz incident fields f = Hg, g €
LQ(Sd*I), is dense in the space of solutions to the linear Helmholtz equation in

AT+ k*(1+q)v = 0 in Bg(0)

with respect to the L?(Bg(0))-norm where D C Br(0) (see [27, Thm. 7.24], where this result has
been shown for plane wave incident fields instead of Herglotz incident fields). Since f1, fo € R(H)
have been arbitrary in (3.10), we get for all solutions v,v € H?(Br(0)) of Av +k?(1+ qo)v =0
in Br(0) that

0= / vT)(q,(%) —q%))]VOﬁ + f1|%™ dx.
D
This gives (qg) — qy(g))lvoﬁ + f1|®m = 0 for any f; € R(H) (see, e.g., [27, Thm. 7.27] or
1
[4, 35, 36, 37]). From this we infer |q%) - qg)|ﬂ(Vof1 + f1) =0 for any f; € R(H) and thus

/D ¢ — ¢@|am (Vofs + f1)(Vofa + f2) dz = 0

for all f1, fo € R(H). The density result used above shows \q%) — qg)\ﬁ =0 a.e. in D, and

thus q%) = q,(fb). So the claim is proven by induction. O

4 The nonlinear inf-criterion

In this section we discuss a generalization of the factorization method to recover the shape of a
nonlinear scattering object from observations of the corresponding nonlinear far field operator.
We consider general nonlinear contrast functions ¢ € L>°(RY x R) as in Section 2, but here we
make the following slightly stronger assumptions.

Assumption 4.1. Let D C R be open and Lipschitz bounded such that R?\ D is connected.
Then the nonlinear contrast function ¢ € L (R% x R) shall satisfy

(i) 2 € Cws q(-,|z]) € L®(RY) is continuous,
(i4) q(-,]z]) =0 a.e. in RT\ D for all z € C,

(iii) there exists qo € L(RY) with o > qomin > 0 a.e. in D for some qomin > 0, o = 0 a.e.
in R\ D, and there exists a parameter o > 0 such that for any z1, zo € C with |21],|2e| < 1,

la(-, 21Dz = a(-, l22l)22 — qo(21 = 22) || oo gy < Callza]® + |22 )21 — 22,

(iv) and the wave number k? is such that the homogeneous linear transmission eigenvalue prob-
lem to determine v,w € L*(D) with v —w € H?(D) such that

Av+k*v =0 D, v=w ondD,
Aw+E(1+q)w =0 inD, %:Z—ZJ on 0D,

(see, e.g., [27, Def. 7.21]) has no nontrivial solution.
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A factorization method for nonlinear weakly scattering objects and for scattering objects
with small nonlinearity of linear growth has already been discussed in [32]. In constrast to this
work, we consider a larger class of nonlinear refractive indices without any smallness assumption
on the a priori unknown nonlinearity, but we assume that the incident fields that are used for
the reconstruction are small relative to the size of the nonlinearity.

Let 6 > 0 be as in Proposition 2.6. We consider the nonlinear far field operator F' from (2.21)
with the factorization F' = H*T'(H) from Proposition 2.9. The next theorem is a nonlinear
version of the abstract inf-criterion of the factorization method to describe the range of H* in
terms of F'. A similar result has been established in [32, Thm. 2.1]. In contrast to [32, Thm. 2.1]
we add a size constraint on the Herglotz densities to accommodate for the smallness of the
incident fields relative to the size of the nonlinearity. The proof is essentially the same as in the
linear case (see, e.g., [27, Lmm. 7.33|).

Theorem 4.2. Let X and Y be Hilbert spaces, p > 0, and let
F:D(F) ={geX|lgllx <p} S X =X

be an operator (not necessarily linear). We assume that F = H*T (H), where H: X =Y is a
compact linear operator and T : D(T) CY — Y with D(T) = H(D(F)) satisfies

IT(Hg)lly < CullHylly

and

(T (Hg), Ha)y| > cllHgl5

for all g € D(F) with ||g]|x < p and some cs,Cyx > 0. Then, for any ¢ € X, ¢ # 0, and
any 0 < p < p,

pERMY) inf{% geDF) CX, llglx =7, 0.6)x # o} > 0. (4)

Proof. Let 0 # ¢ = H* € R(H*) for some ¢ € Y. Then ¢ # 0, and for any g € D(F) C X
with ||lgllx = p < p and (g, ¢) x # 0 we find that

(F(9),9)x| = [(H*T(Hg),9)x| = (T (Hg), Hg)y| > c.llHgll¥

~ ﬁnwu%nwu% > Hﬁw,ww
Y Y
- H;—‘*‘%K%H*WX\Q - H;k g, 8)x |2

Thus we have found a positive lower bound for the infimum in (4.1).

Now let 0 # ¢ ¢ R(H*). We first show that the subspace {Hg | ¢ € X, (g9,¢)x = 0}
is dense in R(H). Let ¢» € R(H) such that 0 = (Hg,¥)y = (g, H*)x for all ¢ € X with
(9,6)x = 0. That means H*y € span{¢}, and because ¢ & R(H*), we conclude that H*y = 0.
Therefore ¢ € R(H)NN(H*), i.e., ¥ = 0, and using the Hahn-Banach theorem (see [46, p. 109])
we obtain that {Hg | g € X, (g9,¢)x = 0} is dense in R(H). Since Ho/||o||3 € R(H), we
can find a sequence (gn)n C {9 € X | (g9,06)x = 0} such that Hg, — —Ho/|||%. Setting
Gn = gn + ¢/||6||% this yields (gn,¢)x = 1 and Hg, — 0 as n — oo. Thus, we define
9n = pgn/||gnllx € D(F) to obtain

|<]:(gn)agn>X| _ |<T(/Hgn)a/Hgn>Y| < C*H,Hgnu% _ C*HH/g\nH%
[(9n, &) x |? [(gn, &) x|? = g d) x> [Gns @) x[?

i.e., the infimum in (4.1) is zero. O

—0 as n — 00,
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Next we show that the operator T from Proposition 2.9 satisfies the assumptions in Theo-
rem 4.2.

Proposition 4.3. Suppose that Assumption 4.1 holds, and let § > 0 be as in Proposition 2.6.
Then there are constants ¢y, Cy, C > 0 such that

IT(Hllz2py < Cx(1+ 1 F1F e py) 1F |20y (4.2a)
(), £yl = e(1=ClFlIZo ) 11172y (4.2b)
for all f € D(T).
Proof. Let f € D(T). We first note that (2.24) and (2.13a) show that
ITof Ir2py < K*llgolle(py(X + Cro2) Il r2(py) -
Combining this with (2.25) gives
IT(F)z2py < N1 Toflle2py + 1T(f) = Tofllr2py

k*[lqoll oo 0y (1 + Cvo )| fll 22 () + ClIF I Foe (1 1 f I 22y
Cu(1+ £ 1700 () 1122

IN N

for some C, > 0.
Next let S : L?(D) — L?(D) be defined by

1
g — Dy
SO,l/} k2q0¢ k*¢

It has been shown in [27, Thm. 7.32] that Sp is an isomorphism. Using (2.24) and (2.12) we find
that, for any h € L*(D),
1
SoToh = 75 Toh = ®icx (Toh) = (I +Vo)h = By » (K*qo(h + Voh))
0
= h+ (I =K@ (g0-)) (Voh) — k@), % (qoh) = h.

Thus, Ty = So_l.

If k2 is not an interior transmission eigenvalue then it follows from [27, Lmm. 7.35] together
with the identity relating H and S§ at the end of the proof of [27, Thm. 7.30] that there exists
a constant ¢ > 0 such that

[(So ' fo N r2oy| = ellSg  fllFapy  forall f e R(H).

Using the continuity of Sy we obtain that there is a constant ¢, > 0 with

(To f, f>L2(D)’ = ‘(So_lfa f>L2(D)‘ > C*”f”%%[)) for all f € R(H).

Accordingly, combining this with (2.25) gives

(T(f), P ez > [(Tof, ey = (T(F) = Tof, ez
> (e = O flIEse o) 11720y = (1= Cllf IFoe () 1172y
for any f € D(T) = H(D(F)). O

Combining (4.2) with (2.18) and applying Holder’s inequality gives the following corollary.
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Corollary 4.4. Suppose that Assumption 4.1 holds. Then there are constants ¢y, Cy, C' > 0 such
that

IN

IT(H)ramy < Co(L+Cu2 g3 sy 1 Holl 2o (432)
(T(Hg), Ha) 2oy = (1= Culdl2gl2a 501))) | Hol2 (43b)
for all g € D(F).

The following result has been shown in |28, Thm. 4.6]. We write out the proof for the
convenience of the reader. We note that the test function ¢, in (4.4) below coincides with the
far field pattern of the fundamental solution ® (- — z) with singularity at z € R?.

Proposition 4.5. Let D C R? be open and Lipschitz bounded such that R? \ D is connected.
For any z € R? we define the test function ¢, € L*(S%1) by

¢, (T) = e *¥T G git, (4.4)
Then z € D if and only if ¢, € R(H*).

Proof. Let z € D, and let ¢ > 0 such that B.(z) C D. Choose n € C*°(R) with 0 <7 <1,
n(t) =0 for |t| < £, and n(t) = 1 for |t| > e. We define v € C*°(R?) by

v(x) == |z — 2|)Pr(z — 2), z e Re.

Then v satisfies v = ®5(- —2) in R\ D, and Av+ k?v = 0 for |z — z| > £. Accordingly, Green’s
representation theorem in the interior (see, e.g., [29, Thm. 3.3]) gives for any x € D that

_ oo 0%z — )
o) = [ (nte =075 o) P ) asto)

— [ (ot + ) @ila )

_ _/ (Av(y) + K2o(y)) Dz —y) dy.
B.(z)

The boundary integral is zero by Green’s_representation theorem in the exterior (see, e.g., |29,
Thm. 3.6]). Since v = ®5(- — 2) in R\ D, we find that

¢.(T) = v>X(T) = —/B " (Av(y) + k*v(y)) e RV qy | Tesdt,
Defining ¢ € L?(D) by
| —Av(z) = kFu(z), @€ B(z),
vle) = {0, z €D\ B.(z),

we obtain that ¢, = H*.

Let now z € D and assume to the contrary that H*y) = ¢, for some 1 € L?(D). Then
by Rellich’s lemma (see, e.g., [9, Lmm. 2.12]) and the analyticity of solutions to the Helmholtz
equation with constant coefficient,

/ Y(y)Pr(z — 2) dy = Pp(z — 2) for all z € R%\ (DU{z}) .

D

However, the left hand side is in HZ _(RY) (see, e.g., [27, Thm. 7.11]), while ®4(- — 2) ¢ H*(B)
t

for any bounded set containing z in its interior (for z € 9D one considers a bounded subset B
of an open cone with vertex at z and BN D = () and shows that ®4(- — z) ¢ H?(B)). O
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Combining the results above, we obtain the main result of this section.

Theorem 4.6. Suppose that Assumption 4.1 holds, and let § > 0 be as in Proposition 2.0.
Let C > 0 be the constant in (4.3b), and let

. { ) 1 1 \1/a
p = ming — . 77 (55)

Wa—1 Wa—1 2¢
Then, for any 0 < p < p and z € R,

[(F(9)s 9) 12 (541
(9, #2) L2(5a-1) |

z€D <— inf{

9 € L8771, llgllp2(sa-1y = £ (9, b2) p2(50-1) # 0} >0.
(4.5)

Proof. By Proposition 4.5 we know that z € D is equivalent to ¢, € R(H*), which, by Theo-
rem 4.2, is in turn equivalent to the condition on the right hand side of (4.5) provided that the
nonlinear far field operator F' admits the factorization F' = H*T'(H) for an operator T satisfying
estimates as in Theorem 4.2. This has been shown in Corollary 4.4. Note that our choice of p
guarantees the existence of the far field operator (see Proposition 2.6) as well as the coercivity
estimate in Corollary 4.4. O

We will comment on a numerical implementation of this criterion in Section 6 below. For
numerical implementations in the linear case we refer, e.g., to [25, 28|.

5 The nonlinear monotonicity method

In this section we consider general nonlinear contrast functions ¢ € L>(R? x R) as in Section 4,
but we waive the assumption on k% not being a transmission eigenvalue.

Assumption 5.1. Let D C R be open and Lipschitz bounded such that R?\ D is connected.
Then the nonlinear contrast function ¢ € L (R% x R) shall satisfy

(i) 2 € Cw q(-,|2]) € L®(RY) is continuous,
(i) q(-,]z]) =0 a.e. in RT\ D for all z € C,
(iii) there exists qy € L®(RY) with 0 < Qmin < ¢ < Gomax < 00 a.e. in D for some

q0,min; 90,max > 0, go = 0 a.e. in R? \ D, and there exists a parameter o > 0 such that for
any z1,z2 € C with |z1|, |z2] <1,

la(-slz1Dz1 — (-, l22l)22 — qo(21 — 22) || oo ay < Callza|™ + [22] )21 — 22 -

Given any open and bounded subset B C RY, we define the associated probing operator
Ppg: L*(S41) — L*(5971) by
Pgg = kK*HpHpyg,
where Hp : L2(S% 1) — L2(B) and H} : L*(B) — L?(S9!) are given as in (2.18) and (2.19)
with D replaced by B. Accordingly, we find that for all g € L?(S971),

2

(PBY, 9)12(54-1) = kzz/ |Hg|? dz = k2/ / e*0g(0) ds(9)| dz. (5.1)
B BlJsda-1

The operator Ppg is bounded, compact, and self-adjoint.
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Theorem 5.2. Suppose that Assumption 5.1 holds, and let § > 0 be as in Proposition 2.0.
Let B C R? be open and bounded, and let

. { 0 1 k2q0,min é
po= W75 717 ( > ’
Wy—1 Wg—1 2¢

where C' > 0 is the constant from (2.25). For any 0 < p < p the following characterization of D
holds.

(a) If B C D, then there exists a finite dimensional subspace V C L*(S%1) such that, for
all /8 S qo,énin;

B(PBg, 9)r2(s2-1) < Re((F(9),9)r2(sa-1)) for all g € D(F) N V" with ||gllp2(sa-1) = 7
(5.2)

(b) If B € D, then there is no finite dimensional subspace V C L*(S%1) and no f > 0 such
that (5.2) holds.

Proof. We consider the factorization of the far field operator /' = H*T'(H) as in (2.22). Accord-
ingly, the linear far field operator corresponding to the contrast function ¢q satisfies Fy = H*TyH,
and we obtain from (2.25) that, for all g € D(F),

Re( [ o7 ds) :Re( [, 9T ds)+Re( [ TR ds)
Sd—l Sd—l Sd—l
> Re< [, o ds) = CHGS e 1y | Gl -
gd—1

Applying [13, Thm. 3.2] with ¢; = 0 and g2 = gp we find that there exists a finite dimensional
subspace V C L?(S%"1) such that, for all g € D(F) NV,

Re( / 9F () ds) > §2 / Gl Hgl? dz — Cl|Hg|3 ) / Hl? da
Sd—1 D D

2 ngﬁ a 2
> K (gomin — 5 Nolaqsar)) | |Hol dr.

Assuming that [|g|[z2(ge-1) = p we obtain that

Re(/ gF(g) ds> > k:zqo’—min/ |Hg|? dz .
gd—1 2 D

Moreover, if B C D and 8 < 22 then

ﬁ/ gPpg ds = kzﬂ/ |Hg|? dz < kzq‘)ﬂ/ |Hg|* da,
Sd—1 B 2 D

which shows part (a).
We prove part (b) by contradiction. Let B € D, 8 > 0, and assume that

B(P3g,9)12(si-1) < Re((F(9),9)2(se-1))  for all g € Vi~ with |lgllp2(ga-1y=p  (5.3)

for some 0 < p < p and a finite dimensional subspace V; C L?(S9!). Using (2.25) we find that

Re(/Sd_l gF(g) ds) Re</5d_lgm ds> +Re</5d_1 g(F —Fy)(g) ds)

e (/Sd_l 9 Fog ds) + C| Hgl|Foo () |1 HlI 721y -

IN
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Applying the monotonicity relation (3.3) in [13, Cor. 3.4] with ¢; = 0 and g2 = qo, shows that
there exists a finite dimensional subspace Vo C L?(S%1) such that

Re(/Sd1 g Fog ds) < k2 /qu|V0Hg|2 dz for all g € VQL. (5.4)
Combining (5.3)-(5.4), we obtain for V := V; + V, that, for all g € Y+ with l9llz2(ge-1y = p,
KB Hgl72(p) < kz/DQOWOHg\Z da + ClHg||Fo (p) 1 HlI72 ()
< Btomns | [Vl gl da+ ClHI oy [ Hal -

Applying [13, Thm. 4.5] with ¢; = 0 and g2 = qo, this implies that there exists a constant C >0
such that, for all g € V4 with H9||L2(sd71) =7,

szHHgH%Q(B) < (akQQO,maX+CHHQH%OO(D))HHQH%Q(D)
~ /2 «
< (CRgo.max + Cwi 3190132y [ Hgl32 ) -

In the following we denote by Py : L?(S%1) — L?(S%1) the orthogonal projection onto V.
Using [13, Lmm. 4.4] we obtain as in the proof of [13, Thm. 4.1] a sequence (i )men € L?(S%71)
such that [gm|lp2(sa-1) = p/2, and

(5.5)

1Hgmllz23y = m([HGml 220y + 1PvImllr2(se-1y),  meN.

Therefore, g := Gm — Pygm € V* and by rescaling §,, we can assume without loss of generality
that [|gmllp2(sa-1) = p < p. Accordingly, if ||H|| <1, then

1Hgml 25y = [1HGmllL2(8) = IHBIIPvGml L2(50-1)

V

> m|Hgml z2(py + mIPvdmllL2(sa-1y — 1HBlIPvgmll 2 (se-1)
Ml Hgmllrzp) + (m1 = [|H]) = [Hsl) Pygmll2(sa-1
M| H gl £2(p)

for all m € N such that m > ||Hp||/(1 — ||[H||). On the other hand, if |H|| > 1, then

AVARLYS

V

1Hgml 28y = [1HGmllL28) = [HBIPvgm| L2(50-1)

> mHHgmHL2(D) + mHPvﬁmHLz(Sd_l) — HHBHHPV§mHL2(5d—1)
m a ~ ~
> 3] IHGm | 12Dy + M PyGml 2 (sa-1y — 1HBI Py Gl 2 (0-1y
m m N
> QHHH HHgm”LQ(D) + <§ — HHB”) ”'Png”LQ(Sd71)
m
> sl Hamll 2oy -
2l H| IR
for all m € N with m > 2||Hp||. This contradicts (5.5), and we have shown part (b). O

Remark 5.3 (Numerical implementation of Theorem 5.2). Considering for any z € R? a probing
domain B = B.(z) that is a ball of radius ¢ > 0 around z, the identity (5.1) gives

2
dx

(P5g.g) 12gsi1) = K2 / / 0= H0-=) g 9) ()
Be(z)|J 8541

RIB| [ e%g(0) as(o)| + O (el B.(2)llgl3a sumr))
e a1 g e Illz2(sd-1)

= K?|B(2)[[{g, 62) 12(s-1)* + O (K€ B (2)|llgl1 72 (501
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uniformly with respect to z € R Here we used that | — 1] < [t| for t € R.
If z € D, then part (a) of Theorem 5.2 implies that there is a finite dimensional subspace
V C L?*(S%1) such that for all B < 222 and for all g € V* with l9llz2(ge-1) = ps

Re((F(g),g>L2(Sd—1)) _ Re(<F(9),g>L2(Sd_1)) > 1, (5.6)
B{PBg, g)r2(54-1) BE2|Be(2)|[(62, 9) r2(sa-1)* + O (KPe|Be (2)lllgl 72 (ga-r)) — =
ie.,
Re(<F(g)7g>L2(Sd_l)) > ]C2,8|Bg|, (57)

(&2, 9>L2(Sd*1)’2 + O(kg“g”%Q(Sd—l))

as € — 0. This shows that for any fixed g € V*+ with 91l 2(sa-1) = p and (g, ¢.) r2(ga-1y # 0 we
can choose € > 0 sufficiently small such that

Re((F(9):9)r2(se-1) _ K2B|B:|
(02, 9 pasan? -~ 2

Similarly, if z ¢ D, then part (b) of Theorem 5.2 says that there is no finite dimensional sub-
space W C L?(S% 1) and no 8 > 0 such that (5.6)(5.7) hold for all g € W+ with gl 2(sa-1y =P
ase — 0.

Assuming that ¢, ¢ V, this says that

Re((F _
((9). 9)2st 21)) 9 €V, Nglrasi-1y =5, (9, 62) 12(50-1) # 0} > 0.
‘<¢Z79>L2(Sd—1)‘
(5.8)
This is closely related to the inf-criterion from the nonlinear factorization method in (4.5).
For the monotonicity criterion we have to exclude the finite dimensional subspace V', and we
assumed that ¢, ¢ V in the derivation of (5.8), while for the factorization method we had to
assume that k2 is such that the homogeneous linear transmission eigenvalue problem has no
nontrivial solution. O

zeD <— inf{

In Section 6, we will use (5.8) to implement the nonlinear monotonicity based reconstruction
method. However, since the finite dimensional subspace V= that has to be excluded is a priori
unknown, we will neglect this constraint. For a numerical implementation in the linear case we
refer to [13].

6 Numerical examples

In this section we comment on a numerical implementation of the shape characterizations in
Theorems 4.6 and 5.2. We consider the two-dimensional case only, i.e., d = 2.

Let D C R? be open and Lipschitz bounded such that D C B(0) for some R > 0 sufficiently
large and R?\ D is connected. We consider at third-order Kerr-type nonlinear material law that
is given by

q(z,12]) == qo(z) + q1(x)|2|?, reR?, z€C, (6.1)

where qo,q1 € L*(R?) with support in D and essinfgqy > —1. Accordingly, the scattering
problem (2.4) consists in determining u = u® + u® such that

Au—i—kQ(l—i—qo—i—ql]u\Q)u =0 in R?,

and u® satisfies the Sommerfeld radiation condition. This fits into the framework of the previous
sections.
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We evaluate approximate solutions of this nonlinear scattering problem using a fixed point
iteration for the nonlinear Lippmann-Schwinger equation

u'(z) = k‘2/D‘1>k(fﬂ —y)a(z, |u'(y) + u*(y)) (W' (y) +u’(y) dy, =€ [-R, R,
as in the proof of Proposition 2.6. Denoting the solution to the linear problem by
uy = (I — k2®p, % (qo - ))_1 (k2<1>k * (qoui)) on [-R,R)?, (6.2)
the fixed point iteration determines the difference w := u® — w§. Starting with the initial
guess wg = 0 on [—R, R]? we evaluate, for £ =0,1,2,...,

Wi = (I —k*®p*(qo - ))71 (k2<1>k* (ql\wg—i—ué—i—ui\Q(wg—i—uS—i—ui))) on [-R,R)*. (6.3)

We have seen in the proof of Proposition 2.6 that this fixed point iteration converges whenever
the product [|q1 || (p) [|u? | oo (p) is sufficiently small (see Remark 2.7). In our numerical example
below we stop the fixed point iteration when

lwesr1 — wellpoe (=R, R]2)
|wetl oo (- r,RJ2)

< e (6.4)

for some tolerance € > 0, and we denote the final iterate by w. &~ w. Accordingly, an approxi-
mation for the far field pattern u™ can be evaluated using Proposition 2.8 by

u®(T) = k2/D(qO(y)Jrql(y)st(y)+u(s](y)+ui(y)|2)(ws(y)+US(y)+ui(y))eM'y dy, zes'.

In (6.2) and in each step of the fixed point iteration (6.3) we have to solve a linear Lippmann-
Schwinger integral equation. For this purpose we use the simple cubature method from [45,
Sec. 2.

Next we turn to the inverse scattering problem. We consider an equidistant grid of points

A = {2z = (ih,jh) | —J <i,j < J} C [-R,R)? (6.5)

with step size h = R/.J in the region of interest [—R, R]*. For each z;; € /A we approximate a
solution to the minimization problem

[(F(9), 9) 2 (s1)]
\(g, ¢Zij>L2(Sl) ’2

Minimize subject to ||glz2(s1) = p and (g, ¢z,;)2(s1) # 0 (6.6)

for the nonlinear factorization method (see Theorem 4.6), and

Re((F(9),9)12(s1))
|<¢Zij’g>L2(Sl)|2

Minimize subject to ||gllz2(s1) = p and (g, ¢z, ) r2(s1) # 0 (6.7)

for the nonlinear monotonicity method (see Theorems 5.2 and Remark 5.3).
We use a composite trapezoid rule on an equidistant grid of points

{(cos dm,sin ¢m) | m = 20m/M , m=0,...,M —1} C St M e N, (6.8)
to approximate the inner products in (6.6) and (6.7), and we discretize the densities g € L?(S*)
using a truncated Fourier series expansion

N/2-1

1 .
g(cos(t),sin(t)) = gn——=e"",  te[0,21), N2 €N. (6.9)
n:ZN/2 \/ﬂ
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Figure 6.1: Nonlinear factorization method: Exact shape of the scattering object (left), initial

0)

guess [ f(ac (center), final result Ig,. (right).

Accordingly, we minimize (6.6) and (6.7) with respect to the finite dimensional vector of Fourier
coefficients [g_n/a, - - - ,:q\N/Q,l]T € CN. From our theoretical results in Theorems 4.6 and 5.2
(see also Remark 5.3), we expect the values of the minima in (6.6) and (6.7) to be close to zero
when z € R?\ D, and significantly larger than zero when z € D.

In each grid point z;; € A we approximate solutions of (6.6) and (6.7) using the interior

(0)

point method provided by Matlab’s fmincon. To find an appropriate initial guess g;; at each

sampling point z;; € A, we first perform a preliminary global search and evaluate

‘ <F(gp,2,z)a gp,Z,z>L2(51) ‘
| <gp7f,2, szij >L2 (Sl) |2

©) .

g;;’ = argming,,

(6.10)

for the optimization problem (6.6) and

Re((F(gp,t,2), Ipit,2) 12(s1))
bz Ipot,2) L2(s1))?

0
gz(j)

= argmin,, , , (6.11)

for the optimization problem (6.7). Here, g, . € L*(S!) is given by

gpj,z(COS(t), sin(t)) _ ﬁip\/%elgtelk(zl cos(t)+z2 sin(t)) 7
and the minimization in (6.10) and (6.11) is over p = 0,1, £ = —N/2,...,N/2 — 1, and
2z = (z1,22) € A. The densities g,/ . generate shifted Herglotz incident fields (Hgp)(xz — z),
where g, has just one active Fourier mode.

For each z;; € A we denote the values of the final result of the optimization by It,c(2i;)
for (6.6) and Imon(zij) for (6.7). Color coded plots of these indicator functions should give a
reconstruction of the support D of the scattering object.

Example 6.1. We consider a kite shaped scattering object D as shown in the left plot in
Figure 6.1 and in the left plot in Figure 6.2. The coefficients in the Kerr-type nonlinear material
law in (6.1) are determined to be

1.16 in D, 25-10722 in D,
q = N and ¢ = A —
0 in R°\ D, 0 inR“\ D.

These coefficients correspond to fused silica (see table 4.1.2 on p. 212 in [3] with ¢o = nd — 1
and ¢; = x®). For the wave number in the exterior we choose k = 1, and the norm constraint
in (6.6) and (6.7) is set to p = 3.0 x 1019,
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A simple rescaling argument shows that we can equivalently work with
Uresc ‘= UW/T, (1 resc ‘= 2¢1, and Presc ‘= PJT for any 7 > 0.

In the numerical implementation we choose 7 = 3.0 x 100, i.e., q1resc = 0.261p and prese = 1.
We use a sampling grid A as in (6.5) with R = 5 and J = 20, i.e., the step size in each direction
is h = 0.25. Furthermore, we choose M = 256 quadrature nodes in (6.8), N = 16 Fourier modes
in (6.9), and for the tolerance in (6.4) we choose ¢ = 107°. We compute the starting guess for
the optimization (6.6) and (6.7) for each sampling point z;; € A as in (6.10) or (6.11). The
corresponding values of the cost functional in (6.6) and (6.7) for each grid point z;; € A are
denoted by I, f(a?c)(zw) and If(;)c)(zij)7 respectively. Color coded plots of I f(a?c) and II(I?(ZH are shown
in Figure 6.1 (center) and Figure 6.2 (center), respectively. These give already a reasonable
reconstruction of the location of the nonlinear scattering object. The dashed lines indicate the
exact geometry of the scatterer.

Then we approximate solutions to the optimization problems (6.6) and (6.7) for each sam-
pling point z;; € A using Matlab’s fmincon algorithm. These approximations are denoted
by Itac(2ij) and Imon(2i5), respectively. Color coded plots of the indicator functions It,. and Iyen
for the nonlinear factorization method and for the nonlinear monotonicity method are shown
in Figure 6.1 (right) and Figure 6.2 (right), respectively. Again the dashed lines indicate the
exact geometry of the scatterer. The results obtained by the two methods are of similar qual-
ity. A significant improvement of the reconstruction is observed when compared to the initial
guesses. The shape of the support of the scattering object is nicely recovered. %

Conclusions

We have discussed a direct and inverse scattering problem for a class of nonlinear Helmholtz
equations in unbounded free space. Assuming that the intensities of the incident waves are suffi-
ciently small relative to the size of the nonlinearity, we have established existence and uniqueness
of solutions to the direct and inverse scattering problem. Our analysis relies on linearization
techniques and estimates for the linearization error. We have also considered extensions of
two shape reconstruction techniques for the inverse scattering problem, and we have provided
numerical examples.
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A Appendix: A useful estimate

In Lemma A.1 below we show a simple estimate that is used in the proof of Theorem 3.1, but
that we have not been able to find in the literature.

Lemma A.1. Let a,b € C and o > 0. Then,
|lala — [b]°0] < 2(la] + [b)*|a —b].

Proof. Without loss of generality we can assume that |a| > [b] > 0. Then ¢t := b/a € C
satisfies 0 < [t| < 1, and we are left to show that

|1 —[t%t] < 2(14 [t)*[1 —¢t]. (A1)
Defining -
ﬂ@izl_fﬁig:ﬂ;+’ 96&79%%O+HP%
A=) ) L
f10) =2 0201 [ >0, OER, 0 (1+[tP).

Accordingly, f is monotonically increasing on (—oo, 3(1+(¢t[?)). Since 0 < (1—[t])? = 1—2[¢|+][¢|?
implies that

1
Re(t) < [t < 5(1+ ),
we find that f(Re(t)) < f(|t|). This yields

Ll 1= 2t Re(t) + o202 _ 1= 2ot fpPt (1 frft)®
1—t2 —  1-2Re(t)+[t2 — 1—20¢] + [t]? (-2

Therefore, it suffices to show that
1— |t|1+a
_ 2(1 + )™
o <20+
Let n:= |a] and B := o — n. Then,

1— ’t’nJrl

(14 [t = ;%< JEE ZW - L

and 2(1 + [t|)® > 1+ [t|®. Accordingly,

L et ] et U] GOSN Sl U]

2(1 + |t~
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