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A Factorization Method for Multifrequency Inverse Source Problems
with Sparse Far Field Measurements*

Roland Griesmaier! and Christian Schmiedecke!

Abstract. We consider a multifrequency inverse source problem for time-harmonic acoustic or electromagnetic
waves with a limited set of far field data. Assuming that far field measurements of the wave radiated
by a collection of compactly supported sources are available across a whole frequency band but only
at a few observation directions, we develop a noniterative reconstruction scheme of factorization type
to locate the support of the sources. The method produces a union of convex polygons with normals
in the observation directions that approximate the positions and the geometry of well-separated
source components. The only requirement is that the unknown sources satisfy a certain coercivity
assumption. Perhaps the most significant point is that the reconstruction algorithm efficiently utilizes
the multifrequency information contained in the given data such that already a very small number
of observation directions is sufficient to obtain a good impression about the location of the sources.
We provide a rigorous justification of the reconstruction algorithm and present numerical results
that illustrate our theoretical findings. A possible extension of the method to the linearized inverse
medium scattering problem is briefly sketched.

Key words. inverse source problem, multifrequency, factorization method
AMS subject classifications. 35R30, 65N21

DOI. 10.1137/17M111290X

1. Introduction. In this work we present a new approach for locating an ensemble of
compactly supported time-harmonic acoustic or electromagnetic sources from far field obser-
vations of the radiated wave across a whole frequency band (0, kmax) € R but only at a few
(finitely many) pairs of observation directions

{£6,...,40,} = © C 5!,

where d = 2,3 denotes the dimension. The aim is to develop a reconstruction method that
efficiently utilizes multifrequency information in order to reduce the number of sensor locations
required to obtain a useful reconstruction of the support of the sources. This is practically
relevant because it is easier to vary frequency than to change the location of a sensor.

Using the Helmholtz equation as our model for time-harmonic wave propagation, the far
field data measured for each pair of receiver directions +6; coincide up to a constant factor
with the d-dimensional Fourier transform of the superposition of sources restricted to the lines

{t0; | — kmax <t < Kkmax}, 1<j<J,
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of length 2k .y through the origin. Hence, the inverse problem we are concerned with consists
in recovering the support of a function given its Fourier transform on a subset of the Fourier
domain that is band-limited and highly sparse.

Since without further assumptions neither the sources nor their support are uniquely
determined by the given data, a classical approach would be to consider a least squares
formulation with a suitable regularization to approximate the source with smallest L?-norm
that is compatible with the data. However, in practice it is often difficult to recover useful
information on the support of a source from such regularized least squares solutions. In general
no upper bounds on the support of a source can be obtained from sparse multifrequency far
field data sets as considered in this work, because there exist so-called nonradiating sources
with arbitrarily large support that radiate waves with vanishing far fields. However, Sylvester
and Kelly [34] recently established rigorous lower bounds for the support of a source in terms
of sparse multifrequency far field data sets. Their so-called ©-convex scattering support is a
single ©-convex polygon (a convex polygon with normals in the directions £6;, j =1,...,J)
that is uniquely determined by the data and must be contained in any ©-convex polygon
which contains the source.

We follow this idea but discuss a restricted setting, assuming that the real part of a
complex multiple of the sources is bounded away from zero on their support. Henceforth,
we call this a coercivity assumption on the sources. In the most important application that
we have in mind, which is linearized inverse medium scattering, this coercivity assumption
corresponds to coercivity constraints on the contrast of the index of refraction of the scatterers
relative to the background medium.

We develop a factorization method [23, 25] that recovers not only a single but a union of
O-convex polygons which approximate the well-separated components of the support of the
ensemble of sources. We show that these reconstructions must be contained in the ©-convex
hull of the support of the whole collection of sources (the smallest ©-convex polygon which
contains this support) and that they must contain the ©-convex hulls of the supports of the
individual source components. We mention that our coercivity assumption implies that the
O-convex hull of the support of a source actually coincides with the corresponding ©-convex
scattering support.

We start by considering a single pair of observation directions +6; and use the correspond-
ing far field data to define a convolution operator F%. We show that this operator admits a
factorization

) 2\ ¥
F% = LyTp (L)

of similar structure as known from the traditional factorization method for single-frequency
inverse medium scattering problems with multistatic far field data [24, 25]. The ranges of
L% and of the square root of a suitable combination of the real and imaginary parts of F%
coincide. Since the latter is known from the measurement data, we can utilize this to develop
a criterion to decide (based on the given far field data) for any given function whether it
belongs to the range of L%. Applying this test to a suitable test function associated with an
arbitrary test point z € R?, we can decide whether the projection of z on the one-dimensional
subspace spanned by the observation directions £6; belongs to the set-valued projection of
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the support of the ensemble of sources on this subspace. This can be used to determine the
smallest union of strips (intersections of parallel half spaces) with normals in the observation
directions £6; that contains the support of the sources.

Combining this test for all available pairs of observation directions +61,...,+60; € O yields
an algorithm that recovers a union of ©-convex polygons (the intersections of the unions of
strips obtained for each pair of observation directions +6;) that is a subset of the ©-convex
hull of the support of the whole collection of sources, which contains the ©-convex hull of the
support of each source component.

The reconstruction method considered in this work is a generalization of the MUSIC
reconstruction scheme recently developed in [15] for locating point sources from given discrete
multifrequency far field data. This MUSIC scheme is somewhat related to the MUSIC methods
considered in [27, 28] and also to multivariate generalizations of Prony’s method [7, 32].
Reconstruction methods based on similar viewpoints from within the area of inverse scattering
are, e.g., the multifrequency sampling methods [12, 17, 29], the time-domain sampling methods
[5, 16, 18], the scattering supports discussed in [26, 33|, or the back-propagation schemes [11,
13, 14, 31]. For further recent contributions to multifrequency inverse source problems we
refer, e.g., to [2, 3, 8, 35, and other methods aiming for approximating the location and shape
of sources using additional a priori assumptions on the geometry and physical properties of
the sources can, e.g., be found in [1, 4, 9, 10, 19, 20, 21, 22].

The outline of this paper is as follows. After describing the mathematical setup of our
problem in section 2, we develop and analyze the factorization method for multifrequency
measurements for a single pair of observation directions 46; in section 3. In section 4 we
discuss the numerical implementation of the method for a single pair of observation direc-
tions, and in section 5 we extend the reconstruction scheme and its numerical implementation
for multiple observation directions. We briefly comment on possible generalizations of the
reconstruction method to the linearized inverse medium scattering problem and to frequency
bands (kmin, kmax) C (0,00) bounded away from zero in section 6, and we conclude with some
final remarks.

2. Problem formulation. Let

D,, C R¢
1

D =

F (s

be an ensemble of finitely many well-separated bounded domains in R¢, d = 2,3, i.e.,
D;NDy=0 for j # £, and let f € L*°(D) represent a compactly supported acoustic or
electromagnetic source. The time-harmonic wave u € Hﬁ)C(Rd) radiated by f at wave number
k > 0 is modeled as the unique solution to the Helmholtz equation

(2.1) —Au—k*u=f in R?
that satisfies the Sommerfeld radiation condition

(2.2) lim 7% (g:f - iku) =0, r=|x|.
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It is well known (see, e.g., [6]) that u has the asymptotic behavior

ik|z|
w(@; k) = O™ (04 k) + O (m—%) L 0= e ST =z = oo,
x|z T

where Cy = ¢™/*/\/8nk if d = 2 and Cy = k?/(4n) if d = 3, and the far field u™(-;k) of
u(-; k) is given by

o~

(2.3) u>(Op3 k) = / e_ikezhyf(y) dy = f(kbs), 0, € ST,
D

i.e., u™(-; k) is the Fourier transform of the source evaluated on the sphere £S?~!. Throughout
we refer to u®(-; k) as the far field radiated by f at wave number k.

In the following we assume that the far field is observed at only a few, say, 2.J, observation
directions,

(2.4) {£6,,...,40,} = © C 8971,

but across a whole band of wave numbers k € (0, kyax) for some kpax > 0. Since the right-hand
side of (2.3) fulfills the symmetry relation

~

fkta) = F(=k)(=02),  ba €547 k>0,
the definition of the far field immediately extends to negative wave numbers by means of
(2.5) u™®(0; —k) == u®(-0;k), HecST k>0.
Accordingly, the measured data set is equivalent to

(2.6) {u>(0k) | j=1,...,J, k € (—kmax, kmax) \ {0} } -

Our aim is to deduce information on the support of the source f from these data. However,
as already mentioned in the introduction, this inverse problem is not uniquely solvable without
further assumptions. For instance, as has been pointed out in [34, Prop. 4], the source

f:: VQ%VO}U, 'UGCSO(Rd),

where Gj- is some nonzero unit vector perpendicular to the observation directions 4-6; for each
7=1,...,J,and VGJJ'_ denotes the directional derivative along HJJ-, yields a radiated wave with
vanishing far field on all straight lines through the origin with direction +6;, j = 1,...,J,
and therefore this particular source cannot be detected from the given data set (2.6). For this
reason Sylvester and Kelly [34] have introduced the notion of ©-convex scattering support of
(restricted) far field data as in (2.6), which is a well-defined lower bound on the O-convex hull
of the support of the source f.

To be more specific, we define the (closed) convex hull of a subset Q C R? as the intersec-
tion of all (closed) half spaces
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Hsﬁ::{xERd|az~€§s}, fesS seR,
which contain it, i.e.,

ch(Q) = () {zeR|z-0<sq(0)},
fesd-t

where

sq(f) := supzx -0, 0 e St
xeQ)

is the supporting function of ). Accordingly the ©-convezr hull of ) is given by

Kyy(©) = (J{z eR|z-0<s0(0)},
0cO

and similarly we write for any single pair +60 € S%~1
(2.7) K,,({£0}) = {zx € R | sq(—0) <z -0 < s5q(0)},
which is the smallest strip (intersection of two parallel half spaces) with normals in the direc-
tions +6 that contains €.
Remark 2.1. It is important to note that for D = U 1 D, as above typically

M J
U Ko, (0) < 7|
m=1 j=1

o ({£05}) & Ksp ()

\\Ci

and even

M M
Uehn) € () U Kep,, ({£6}) € (D).

m=1 fcSd—1 m=1

This can easily be seen, for example, when M = 2 and D; and D5 are two disjoint balls in
R?, as shown in Figure 1 for d = 2.

In contrast to [34], we will not consider the most general case, but we add some constraints
on the source f that restore a certain degree of uniqueness and that will be needed to establish
the theoretical justification of the factorization method in the next section. In our main result,
Theorem 3.6 below, we assume that f € L*°(D) is such that there exist 7 € R and ¢y > 0
such that Re(e'” f(x)) > ¢o for almost every x € D. The ©-convex scattering support and the
O-convex hull of the support D of the source coincide in this case, and we show that this set
and information on the ©-convex hulls of the supports of the individual source components
Dy, ..., Dy can be recovered from the given data (2.6).

Remark 2.2. To put our results into perspective, we briefly discuss two related but larger
data sets:
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Figure 1. FEzample with two disjoint disks D1 and Da. Left: ch(Di) U ch(D2) (gray). Center:
Noest (Ksp, {£03) U Ky, ({£0})) (gray). Right: ch(D1 U D2) (gray).

(a)

If u®(0; k) is available for all k € (0, kmax) and not only for a sparse set of observation
directions but for all § € S9=1 then by (2.3) this is equivalent to the knowledge
of f in the ball By, (0) of radius kmax centered at the origin. Applying the d-
dimensional inverse Fourier transform to these band-limited data directly results in a
blurred reconstruction of the source. Moreover, since f is compactly supported, its
Fourier transform f is analytic and thus f as well as the source f and its support
are in fact uniquely determined by the given data. Numerically, analytic continuation
is unstable of course, but the factorization method for the linearized inverse medium
problem [24] can immediately be adapted to recover the support of f directly from
this data set (without analytic continuation and without blurring).

On the other hand, if u>(0; k) is given for the sparse set of observation directions ©
from (2.4) and not only for k € (0, kmax) but for all k > 0, then this is equivalent to
the knowledge of f(kf;) for all k € R and j = 1,...,J. Applying the Fourier slice
theorem

fiko) = [ [ st ny ands = [ R0, as.

where Gjl denotes the hyperplane perpendicular to ¢; and Rf is the Radon transform
of f (see, e.g., [30, Thm. 1.1]), shows that this data set is equivalent to the knowledge
of (Rf)(0;,-) for j = 1,...,J. If f € L*>(D) satisfies our coercivity assumption
Re(el7 f(x)) > co > 0 for almost every = € D, then clearly

M
{x e RY|2-0; € supp(R)(O5, )} = | Kep, ({£6,}).
m=1

and this set, which coincides with the smallest union of strips with normals in the
directions £6; that contains D1, ..., Dy, can be approximated numerically by esti-
mating the support of (Rf)(6;, - ). Combining these reconstructions for all observation
directions yields

J M

ﬂ U Kst({iej})a

j=1m=1
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which is a subset of the ©-convex hull K, (0) of the support of f that contains the
©-convex hull K, (©) of the support D, of each source component.
The main contribution of this article is a reconstruction algorithm that recovers the set
in (2.9) from sparse band-limited data as in (2.6) (without analytic continuation and without
blurring).

3. The factorization method for a single observation direction. We start by consider-
ing far field data u*>(%60;;k), k € (0, kmax), for a single pair of observation directions +6;,
1 <j < J, and use the extension of these data to negative wave numbers in (2.5) to define
the convolution operator F% : L?(0, kmax) — L(0, kmax),

(3.1) (Faj¢) (t) == /Okmax u™(0;;t — s)o(s) ds, t € (0, kmax) -

The mathematical foundation of our reconstructi%n method relies on a suitable factorization
of F%. This factorization involves the operator Ly : L2(D) — L*(0, kmax),

(3:2) (L0) 0 = [ o)y, te 0w,
D
and its adjoint (L%3)* : L2(0, kmax) — L2(D),

(33) ((£3) 0) w) == /Ok vg(s) ds,  yeD.

We have the following factorization theorem for F?%.

Theorem 3.1. Let F% : L2(0, kyax) — L2(0, kmax) be defined by (3.1). Then
Pl = 137y (L)
with L% and (L%)* from (3.2) and (3.3), respectively. The operator Tp : L*(D) — L*(D) is

a multiplication operator given by Tpg = fg, where as before f € L*°(D) denotes the source
radiating the far field u* as in (2.3).

Proof. Let ¢ € L?(0, kmax). Then, for any t € (0, kmax),
0; 6;\* —ith;- 0;\*
LJTDLJqSt:/e v (Tp (1) 6) (y) dy
(870 (L3) o) @)= | e (70 (£3) ¢) W)
kIIlaX .
:/ e MY f(y) / ¢(s)e*Y ds dy
D 0

- /Okmax é(s) /Dei(ts>9j'yf(y) dy ds = /Okmax H(s)u> (053t — ) ds
_ (Fﬂqu) (t). .

Next we establish a density result for L%.
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Lemma 3.2. The operator L% 1s compact with dense range.

Proof. Let ¢ € L*(0, kmax) and denote by 5 € L%(R) the extension of ¢ to R that is zero
outside (0, kpax). Then

* kmax i o0 . ~
((£8) )@ = [ enmots) s = [~ (s s, ye.
0 —o0
coincides (up to a constant factor) with the inverse Fourier transform of 5 on the open subset
0;-D C R. The latter is analytic, because ¢ is compactly supported. Therefore, if (L%)*qb =0
on D, then gg = 0 on R by analytic continuation, and thus ¢ = 0 on (0, kyax). Hence, (L%)*

is one-to-one, and since R(L%) = N( (L%)*)J—, this shows that L% has dense range.
The compactness of L% follows immediately from (3.2). [ |

We have the following lemma describing the dependence of the range of the operator L%
on the projection (0; - D)#; of the domain D on the one-dimensional subspace of R? that is
spanned by the observation directions +6;.

Lemma 3.3. Let Q1,99 C R be bounded domains, and let L?ljz : L2(Qy) — L2(0, kmax),
¢ =1,2, be defined as in (3.2) (with D replaced by Q). If 0; - Q1N - Qo = 0, then the ranges
of L?2j1 and L?{Q have trivial intersection, i.e., R(L?{l) N R(L?{Q) = {0}.

Proof. Suppose that 6; - Q1 N g, - Qy = (. Applying the Fourier slice theorem as in (2.8)
we find that for any 1, € L?(Q), £ =1, 2,

(E00) (0 = ta6y) = (REwe) 0, 1€ k).
where R, : L*() — L'(R),
(3.4) <R?{ZW> (s) == /9 st +y) dy,  sER,

denotes the (bounded extension of the) Radon transform in the hyperplane perpendicular to
6. Accordingly, it suffices to show that

R (R?{l) R <R?{2) = {0}.

However, since 6; - 1 N 6; - Q2 has measure zero, the latter follows immediately from the fact
that, for £ =1, 2,

supp (R?{ZW) C O, forall vy € L2(Q). m

The next step in the derivation of the factorization method for one fixed pair of observation
directions +6; is a characterization of the projection (6; - D)§; of D on the one-dimensional

subspace of R? that is spanned by +0; in terms of the range of the operator L%.
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Lemma 3.4. For any z € R? and e > 0 let the test function gbg{e € L%(0, kmax) be defined by

05 R 1 —itl;-y
3.5 d)z (1) == € d y te 05 kmax )

where B.(z) denotes the ball of radius € centered at z and |Be(2)| its volume.
(a) If -z €0 D, then there exists ¢ > 0 such that qbgfg € R(L%).
(b) For anye >0,

Hj-BE(z)ﬁﬁj-D =10

implies that d)ife ¢ R(L%).

Proof.

(a) If 0, - 2 € ; - D, then there exists y € D such that 0, - z = 6; - y, and since D C R? is
open, there exists € > 0 such that B.(y) C D. Accordingly, B.(z) - 0; = B:(y) - 0; and
therefore

1 9. 0.
B LpX = Pz,
[Bely)] P =T

where X p,_(,) denotes the characteristic function on B.(y). Hence ¢Z{E € R(L%).
(b) On the other hand, if 6; - B-(2) N¢; - D = (), then Lemma 3.3 shows that

R <L?3js(z)) nR (L%’) = {0}.

Since 0 # ¢2- = s LY XB.() € R(Ly,.)), this implies that ¢2- ¢ R(LY). W

Remark 3.5. In particular, Lemma 3.4 shows that for any € > 0 the condition qﬁ{; €
R(L%) implies that 6 - B.(2) N6 - D # (.

Next we express the range of L% in terms of the operator F?.

Theorem 3.6. Assume that there exists 7 € R and a constant ¢y > 0 such that

Re(e'” f(z)) > co for almost every x € D. Then the self-adjoint operator

. . 1 . .
(3.6) Fjg = Re(e"F%) := i(e”Fej + e IT(F%)*)

is positive and satisfies R(L%) = R((Fij)l/z).

Proof. From Lemma 3.2 we already know that L% is compact with dense range and
accordingly its adjoint (L%)* is compact and one-to-one. Furthermore, since Re(el” f(z)) > co
by assumption, we find that

Re(e"(T9.0) 1) = [ Rele” f@)laf@)l do > collglfaqo).

i.e., the operator Re(e!"T) is coercive. Therefore, applying Theorem 4.1 in [24] shows that
0; 0
R(LP) = R((Fy)'?). u
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Putting Lemma 3.4 and Theorem 3.6 together, and recalling (2.7), we arrive at the follow-
ing characterization of the support D of the source f in terms of the operator F;j ,1.e., in terms
of the far field data u*(+6;; k), k € (0, kmax), measured in the observation directions +6;.
We use int(Q) to denote the set of all interior points of a set 2 C R,

Theorem 3.7. Under the assumptions of Theorem 3.6 we have the followmg for any z € R%:

(a) If z € Um Vint (K, ({£05})), then there ewists € > 0 such that ¢ze € R(( £ 1)1/2).

(b) If z ¢ Um:l Dy, ({:l:Hj}) then there exists g > 0 such that gbze ¢ R((F )1/2) for

any 0 < e < gg.
Here again Fy = Re(e™F%) and ¢2:(t) = (1/|B=(2)]) [, )

Proof.

(a) If z € U _ int(Ksp, ({£05})), then 0; - z € 0; - D and Lemma 3.4(a) together with

the range identity in Theorem 3.6 shows that there exists € > 0 such that qﬁZ{a €
0; 0;
R(Lp) = R((FZ)?).
(b) On the other hand, if z ¢ JM_, K, ({£0;}), then 6;-z ¢ 0; - D and there exists g9 >
0 such that 6; - B:(2) N6; - D = () for any 0 < e < gg. Accordingly, by Lemma 3.4(b)
and Theorem 3.6 we obtain that qu c & R((F )1/2) [ ]

e 59 dy, t € (0, kmax)-

4. Numerical implementation for a single observation direction. Theorem 3.7 says
that the far field data u™>(£6;;k), k € (0, kmax), for a single pair of observation directions
+60; € © uniquely determine the smallest union of strips perpendicular to £6; that contains
all sources. This can be translated in a numerical reconstruction scheme as follows. Denoting
by {()\ff , Q/sz ) | n € N} an eigensystem of the positive and self-adjoint operator FY% . Picard’s
theorem (cf., e.g., [6, Thm. 4.8]) shows that for any ¢ > 0

00 0; 0 2
o CR(FDN?)  ifandonlyit Y0 LR R0kl

n=1 )‘nj

Therefore, defining the indicator function

0o 0; 05 2\ —1

(4.1) ij (Z) — <Z ‘<¢z,a,¢n >:2(07kmax)‘ > 7 = ]Rd,
— A
n=1 n

Theorem 3.7 can be rephrased as follows.

Corollary 4.1. Under the assumptions of Theorem 3.6 we have the following for any z € R¢:
(a) If z € Um Vint(Ksp, ({£05})), then there exists € > 0 such that Wgej(z) > 0.

(b) If z ¢ Um:1 5Dy, ({:|:c9j}), then there exists e9 > 0 such that Wi (z) = 0 for any
0<e<eg.

In our numerical examples below we consider 2N equidistant samples u>(£6;; k),
n=1,...,N, of the far field, where

km X
(4.2) kp = (n— ) Ak with Ak := ]\;L > 0.
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Recalling (2.5), this data set is equivalent to
(4.3) u™ (05 —kN), ..., u>(0;;—k1),u>(0;:k1),...,u>™(0;;kN) .

To determine an appropriate sampling rate Ak in (4.2), we utilize once more the Fourier
slice theorem

u®(0;;k) = f(k0) = <1;9D\f> (k), keR,

where R% is the Radon transform in the hyperplane perpendicular to §; as defined in (3.4).

Since supp(R% f) € [-R,R], where R > 0 is the radius of the smallest ball centered at the
origin that contains the support of the source f, we find that u®(6;; -) is R-band-limited.
Accordingly, the Nyquist condition (cf., e.g., [30, sect. II1.1]) suggests choosing

77

4.4 Ak < —.
(4.4) <2

Using the 2N equidistant samples of the far field in (4.3) and applying the midpoint rule
we obtain for the convolution operator F% from (3.1) that

N

(F% ¢) (t)) = / e w055ty — 8)(s) ds ~ Ak u (053, — s0)d(s0)
0

(=1

for t, == pAk and p = 0,...,N — 1. Here sy := (¢ — %)Ak for £ =1,...,N. Accordingly, a
discrete approximation of F% is given by the Toeplitz matrix

u>®(0;;—k1)  u®(0;;—ka) -+ u>(0;;—kn)
F .= Ak um(éj; ki) w0 ki) o (05 ‘—kN—l) € CNXN |
u®(0;3kn-1) u®(Oj;kn—2) -+  u>(0j;—k1)
and accordingly,
) 1 . .
(45) B = L (e )

is a finite dimensional realization of the operator F:f from (3.6).

Similarly, we discretize the test function qbgfs from (3.5) by the test vector
0; —ito0; -z ity _10;2]T - N d
(4.6) o) = [e 0%iE L e N1 } e C?, z € R,

Since we can choose the parameter € > 0 in the reconstruction method arbitrarily small, this
is justified by Taylor’s theorem.

Remark 4.2. We note that the upper bound on Ak in (4.4) ensures that |Ak(f; - 2)| <7
for any z € Br(0). In particular no two points in the region of interest Br(0) share the same
test vector ¢>Zf )
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Denoting by {(Xffﬂ;ﬁj) |n=1,...,N} an eigensystem of the self-adjoint matrix FY, we

approximate the indicator function Wg 7 from (4.1) by
N O5\x, 70512\ —1

(4.7) Wi (z) = <Z W) . z€Bg(z).
n=1 n

From Corollary 4.1 we expect that W](i,j (z) is much larger for z € Ui\n/lzl K, ({£60;}) than for
z ¢ U%zl K, ({£0;}). Accordingly, a plot of Wﬁﬁ (2), z € Br(0), should yield a visualization
of the union of strips Unj\le K, ({£65}).

Choosing a suitable threshold parameter 6 > 0, this suggests that the numerical range
criterion
(4.8) P K,p, ({£6;}) ifand only it W (z) > 5
1

m
T C=

for any z € Bgr(0) determines an approximation U%zl I?SDM({:EHJ-}) of U%Zl K, ({£0;})
in the region of interest Br(0).

Ezxample 4.3. We illustrate the reconstruction procedure for a single pair of observation
directions by a two-dimensional numerical example. Let f = f; + fo be a superposition of two
compactly supported sources,

fi(z) == i(1.1 +sin(x1)), x = (x1,22) € D1,
fo(@) == 3(2 4 cos(z2)) , x = (r1,72) € Dy,

where D is an ellipsoidal domain and Dy is a kite-shaped domain as shown in Figure 2 (left).
This source satisfies the coercivity assumption from Theorem 3.6 with 7 = —7w/4. We note
that the strength of the ellipsoidal source component is considerably lower than that of the
kite-shaped source component, and therefore the ellipsoidal source can hardly be distinguished

4

2

0

-2

-4
-4 -2 0 2 4

Figure 2. Left: Absolute values of the source f (color coded), support of the source (solid line). Right:

o KB N W b~ OO O N ©

-4 -2 0 2 4

Reconstruction {ng > 2.5 1073} for a single pair of observation direction +0; (gray), support of the source
(solid line).
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from the background in this plot. The support of f is contained in the ball of radius R = 6
centered at the origin. We consider simulated far field data u®(+6;;k,) radiated by f for
a single pair of observation directions £6; = *(cos(r/8),sin(r/8)) € S at N = 16 different
wave numbers k, = (n—1/2)Ak,n =1,..., N. Here we use Ak = 7/6 ~ 0.52, as suggested in
(4.4), i.e., the smallest and largest wave numbers are ki, ~ 0.26 and kpax ~ 8.12, respectively.

We compute the eigenvalues and eigenvectors of the matrix F;j € C'%%16 from (4.5)
(using the parameter 7 = —m /4, which we assume to be known) and evaluate the indicator

function Wleg from (4.7) on the square [—5,5]2. Applying the numerical range criterion (4.8)
with threshold parameter § = 2.5 - 1073, we show in Figure 2 (right) a visualization of the
reconstruction

{w € [-5,5) | Wi(z) > 6}

(gray ribbons). For comparison we have also included the boundary of the support of the
source f in this plot (solid line). As predicted by our theoretical results, the reconstruction
nicely approximates the smallest union of strips perpendicular to the observation directions
+0; that contains the source, i.e., Ky, ({£6;}) U K, ({£0,}).

To illustrate the sensitivity of this reconstruction with respect to the threshold param-
eter §, we include in Figure 3 (left) a semilogarithmic plot of a cross section ng(s@),
—5 < s < 5, parallel to +60;. The dashed line corresponds to the threshold parameter
§ = 2.5-1073 used in this example. The indicator function decays rapidly away from
Ky, ({£0;}) U K, ({£0;}), which indicates that useful reconstructions are obtained for an
acceptably wide range of values for §.

Getting back to our discussion in Remark 2.2(b) we show in Figure 3 (right) an approxima-
tion of the absolute value of the Radon transform |(Rf)(6;, - )| obtained by a discrete inverse
Fourier transform of the data u®(+6;;k,), 1 < n < N. Since these data are band-limited,
this reconstruction is blurred and shows the typical oscillatory behavior. It is arguably much
easier to estimate the support of the source in direction +6; from the plot on the left-hand
side of Figure 3 than from the plot on the right-hand side.

-4 =2 0 2 4

Figure 3. Left: Cross section of ng parallel to the observation directions £0; (solid line), threshold 6 =
2.5-107% (dashed line). Right: Cross section of an approzimation of |(Rf)(0;, )| parallel to the observation
directions £0; obtained from the data.
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5. The reconstruction scheme for multiple observation directions. Next we discuss an
extension of the reconstruction method developed in sections 3-4 to multiple observation
directions +61,...,+£0; € O, i.e., to the data set given in (2.6). We introduce the generalized
indicator function

<ZZ sze,wn ’ Okmax)‘ ) : ZERd,

j=1n=1

where as before, for each pair of observation directions £6;, the test function ¢>§{'€ is given

by (3.5), and {()\zj,@sz) | n € N} denotes an eigensystem of the operator ng in (3.6).

Combining the characterization of the support of the source from Theorem 3.7 and Corol-
lary 4.1 for all available pairs of receiver directions %61, ...,+60; € © we obtain the following
result.

Corollary 5.1. Under the assumptions of Theorem 3.6 we have the following for any z € R%:

(a) If =z 96 ﬂ‘j]:l U%zlin‘c( sp,, (1£0;})), then there exists ¢ > 0 such that QSZ{E €
R((F#j)l/z) for any 1 < j < J, or equivalently WO (z) > 0.

(b) Ifz ¢ ﬂj 1UM K, ({£05}), then there exists 1 < j < J and €9 > 0 such that
gbze ¢ R(( )1/2) for any 0 < & < g¢, or equivalently WO (z) =0 for any 0 < ¢ < &o.

Since

o ({£05}) € Ksp(0),

||C§

M J
U SDm ﬂ
m= j=1

Corollary 5.1 gives a rigorous characterization of a subset of the ©-convex hull of the support
D of the source, which contains the ©-convex hull of the support D,,,, m =1,..., M, of each
individual source component, in terms of the measured data (2.6).

The numerical implementation of Corollary 5.1 proceeds along the lines of section 4.

For each pair of observation directions £6;, 7 = 1,...,J, we compute the corresponding
cigenvectors and eigenvalues {(\o/,9%/) | n = 1,..., N} of the matrix Fij and evaluate the

approximate indicator function

Wy (z ._Zl<z’ 7 ’2> 1, z € Bg(0).

Again we expect that the value of W(2) is much larger for z € ﬂ‘jjzl Uf\n/lzl K, ({£05})
than for z ¢ ﬂ] 1 U K, ({£0;}), and plotting W (z) should yield a visualization of
N’ i1 UM K 5Dy, ({iﬁj}). Accordingly, choosing a suitable threshold parameter ¢ > 0, this
suggests the numerical range criterion

J M
(5.1) ze ﬂ U ({£0;}) ifand only if Wg(2) >4
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for any z € Bpr(0) for determining an approximation ﬂ;.lzl Unj‘le K sp,, ({£0;}) of the set
ﬂjzl UM_, K, ({£0;}) in the region of interest Br(0).

Ezxample 5.2. We continue Example 4.3, but now we consider J = 8 pairs of observation
directions

q _q
:|:¢9j::|:(cos(‘7 J)Tr,sin(] J)7r>, j=1...,J,
and (as before) N = 16 different wave numbers k, = (n — 1/2)Ak, n = 1,..., N, with
Ak = 7/6 ~ 0.52 for each direction.

Applying the numerical range criterion (5.1) with threshold parameter 6§ = 2.5 - 1072, we
show in Figure 4 (left) a visualization of the reconstruction

(5.2) {z e [-5,5)7 | WZ(x) > 6}

(gray). For comparison we also included the boundary of the support of the source f in this
plot (solid line). The reconstruction is very close to the union [ J¥_, K b, (©) of the ©-convex
hulls of the supports D,,, m =1,..., M, of the individual source components.

To get an idea about the sensitivity of the algorithm with respect to noise in the data, we
redo this computation but add uniformly distributed relative error to the simulated forward
data before starting the reconstruction procedure. The resulting reconstructions are shown
in Figure 4 for two different noise levels. In these reconstructions the noise is only accounted
for via the threshold parameter § of (5.2): We use § = 0.01 for 1% noise and ¢ = 0.02 for 5%
noise. The results clearly get worse with increasing noise level, but they still contain useful
information on the location of the sources.

Of course the number of observation directions and the number of frequencies affect the
quality of the reconstructions as well: The more data we use, the better are the reconstructions.
However, even in the limit as the number of observation directions tends to infinity we cannot
expect to recover the exact convex hulls of the supports of the individual source components
(cf. Remarks 2.1 and 5.3).

4 4
2 2
0 0
) \ -2
-4 -4 -4
-4 2 0 2 4 -4 -2 0 2 4 4 2 0 2 4

Figure 4. Reconstructions from 8 pairs of observation directions using 16 different frequencies each.
Left: 0% noise. Middle: 1% noise. Right: 5% noise.
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Remark 5.3. Corollary 5.1 shows that the reconstruction obtained by the algorithm for
multiple observation directions based on the numerical range criterion (4.8) approximates the
union of convex polygons

J M

X = m U Kst({iej})a

j=1m=1

which is a subset of the ©-convex hull of the support D of the source that contains the ©-
convex hulls of the supports D,,,, m = 1,..., M, of the individual source components. In case
of a single source component these two sets coincide of course. However, if there are two or
more well-separated source components, then the reconstruction X might actually be larger
than the union of the ©-convex hulls of the supports of the individual source components,
depending on the geometrical configuration.

A glance at the proofs in section 3 reveals that for any z € K, (0) \ U%zl Ky, (©) we
have that z ¢ X (i.e., z is not part of the reconstruction) if and only if there is a pair of
observation directions £6;, 1 < j < J, such that 6; - z ¢ 6; - D. The latter is equivalent to
the condition (z + OJL) N D = (), where 9jl denotes the hyperplane perpendicular to 46;. This
means that if there is no affine hyperplane perpendicular to a pair of observation directions
+60; € © that contains z but does not intersect the support D of the source, then z cannot

be identified as a point outside U%:l K, (©) by the reconstruction scheme and will be part
of the reconstruction. This is more likely to happen if the individual source components are
very close to each other relative to their dimensions. For points z outside the ©-convex hull
of the support of the whole collection of sources such an affine hyperplane always exists of
course, and therefore the reconstruction X is contained in K, (0©).

On the positive side we mention that as the size of the supports of the individual source
components becomes smaller with respect to their relative distances, the reconstructions get
closer to UM_, K b, (©). In fact we have recently considered the limiting case when the
diameters of the supports of the individual source components tend to zero in [15], and we
established upper bounds on the number of observation directions and wave numbers that
are sufficient to uniquely recover the positions of a finite collection of (infinitesimally small)
point sources using a finite dimensional variant of the factorization method presented in this

work—a MUSIC algorithm.

6. Possible extensions. We discuss two possible extensions of the algorithm presented so
far. The first concerns the Born approximation of scattering from an inhomogeneous medium,
while the second deals with frequency bands bounded away from zero.

6.1. Linearized inverse medium scattering. Let D = Ui\le D, be a collection of well-
separated bounded domains, and assume that each subdomain D,,, m = 1,..., M, represents

a scattering object specified by its refractive index n2, = 1+ gy, for some g, € L°>°(D,,) with

(6.1) Re(gm) >0, Im(gn) >0, and |gn|>V2¢ >0  on D,,.

Suppose that the scatterers are embedded in a homogeneous background medium such that
the refractive index n? of the whole configuration is given by
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2 inD =1,....M
W at4ge {T BDm M=l M,
1 inR*\D.

Denoting by u‘(-,#; k) a time-harmonic plane wave incident field with incident direction
6 € S and wave number k > 0, i.e.,

u'(z,0; k) = elked zeR?,

the mathematical model for scattering by an inhomogeneous medium that we use is the
Helmholtz equation

Au+ E*n’u =0 in R%.

We express the total field u in the form u = u® 4+ u®, where the scattered field u® satisfies the
Sommerfeld radiation condition (2.2). Accordingly,

2 2 (i :
—Au — k*u = k*q(u’ + u®) in R?,
and the Born approximation uy to u® is the unique solution to
—Aufy — Ky = K in R?

that satisfies the Sommerfeld radiation condition (2.2) (see, e.g., [6, p. 277]). This resem-
bles (2.1)—(2.2) with the source term f(x) = k%q(z)e**?. The Born far field u%(-,0;k) of
up(-,0;k) is given by

S (00, 0: k) = K2 /D OOV () dy = K2G(R(0. — 0)), 0 € ST,

and as before, we extend the definition of u% to negative wave numbers by means of
(6.2) u 0y, 0, —k) = u$(0,0,:k), 0,08 k>0.

If the observed scattering data allow for a symmetric extension to negative wave numbers
as in (6.2), then we can proceed as in sections 3-5 to generalize the reconstruction method to
the linearized inverse medium scattering problem. This symmetry condition is, for instance,

fulfilled for
(a) symmetric backscattering data, i.e., when far field observations

u>™(—=0;,0;;k) and u™>(0;,—0;;k), j=1,...,J,

are available for some 61,...,0; € S% ! and for a whole band of wave numbers
k € (0, kmax);

(b) symmetric two-point measurements, i.e., when far field observations
uoo(9j179]27k) and uoo<9]270]17k)7 j17j2:17'-'7J7 .jl #j27

are available for some #1,...,0; € S% ! and for a whole band of wave numbers
k € (0, kmax)-
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For example, in case of backscattering data we just have to replace the convolution operator
in (3.1) for any pair of observation directions +6; by o . L2(0, kmax) — L2(0, kmax),

k
] max 1 oo
(Fgub) (t) := / 5 uF (05, —0;;t — s)p(s) ds, t € (0, kmax) -
0 (t—s)
Then, F% = L Tp(L%)* with LY : L2(D) — L2(0, kmax),
0; —92it.;-
(£B0) @ s= [ 0y, te 0k,

and the multiplication operator T : L?(D) — L?(D), Tpg = qg. Our assumptions (6.1) on
the contrasts q1, ..., gy imply that

- 1 1
Re(e‘lz x)z—Re )+ Im(q(x)) > —|q(z)| > <o, zeD,
q(x) \/5( (q(z)) (q(z)) \/§|Q( )| = <o
i.e., a coercivity assumption as in Theorem 3.6 is satisfied with 7 = —m/4. Therewith, the
results from sections 3-5 carry over. We only have to replace the test function in (3.5) by

¢Z{a(t) = (1/|B:(2)|) fBa(z) e~2;9 dy, t € (0, kmax), the test vector in (4.6) by

T
0; —2itol.;- —2i -
¢ = [e by e AN } eCV, zeR?,

and the sampling condition condition (4.4) by Ak < 7/(2R).
In case of symmetric two-point measurements we can proceed similarly.

6.2. Frequency bands bounded away from zero. We return to the inverse source problem
from section 2, but now we assume that the far field data u°(0; k) are given for J observation
directions @ € {0y,...,0;} € S9! and across a band of wave numbers k € (kmin, kmax)
for some kpax > kmin > 0. In contrast to section 2 the interval of frequencies is bounded
away from zero, and the (discrete) set of observation directions is no longer required to be
symmetric.

Proceeding as in sections 3-4 the reconstruction method can be generalized to this setting
as follows. We denote by k. := (kmax + kmin)/2 and by := (kmax — kmin)/2 the central frequency
and half of the bandwidth of the given far field data.

Replacing the convolution operator in (3.1) for any observation direction 6; by the operator
F9% : L2(0,b,) — L?(0,by),

by,
(F'6) (1) = /O WOk +t— $)o(s) ds, e (0,by),
we obtain the factorization F% = LT (L)* with L% : L*(D) — L*(0,by),

(B0) @ = [ o) dp, te @b,

and the multiplication operator ng : L2(D) — L*(D),
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(T59) @) = e ¥ f@)gl@),  weD,

which now also depends on the observation direction 6;.
If there exist 7 € R and a constant ¢g > 0 such that

(6.3) Re (eiTe_ikcej"”f(x)) > o, zeD,

then the results from sections 3-5 carry over. The condition (6.3) is, e.g., satisfied with
T=—7m/4if

Re(f) >0, Im(f)>0, and |f]|>V2¢ >0 onD

and if

(6.4) keR| < 7,
where as before R > 0 is the radius of the smallest ball centered at the origin that contains
the support of the source f. We note that the condition (6.4), which was not required for

the original setup in sections 3-5, restricts the size of the central frequency in terms of the
diameter of the support of the source.

7. Summary. We have developed a qualitative reconstruction method that can be used
to locate several compactly supported sources within a homogeneous background medium
from sparse multifrequency far field measurements, provided that the sources satisfy certain
coercivity constraints. The reconstruction method efficiently utilizes the multifrequency in-
formation contained in the data, and therefore the number of receiver locations required to
obtain useful reconstructions can be reduced significantly.

The coercivity constraints on the source that we require to obtain the range identity in
Theorem 3.6 are equivalent to the assumptions on the refractive index known from traditional
factorization methods [25] and cannot easily be relaxed.

The reconstruction scheme developed in this work is particularly useful in the low-frequency
regime, where Fourier inversion techniques suffer from serious blurring effects due to the miss-
ing high-frequency information.
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