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A Factorization Method for Multifrequency Inverse Source Problems
with Sparse Far Field Measurements∗

Roland Griesmaier† and Christian Schmiedecke†

Abstract. We consider a multifrequency inverse source problem for time-harmonic acoustic or electromagnetic
waves with a limited set of far field data. Assuming that far field measurements of the wave radiated
by a collection of compactly supported sources are available across a whole frequency band but only
at a few observation directions, we develop a noniterative reconstruction scheme of factorization type
to locate the support of the sources. The method produces a union of convex polygons with normals
in the observation directions that approximate the positions and the geometry of well-separated
source components. The only requirement is that the unknown sources satisfy a certain coercivity
assumption. Perhaps the most significant point is that the reconstruction algorithm efficiently utilizes
the multifrequency information contained in the given data such that already a very small number
of observation directions is sufficient to obtain a good impression about the location of the sources.
We provide a rigorous justification of the reconstruction algorithm and present numerical results
that illustrate our theoretical findings. A possible extension of the method to the linearized inverse
medium scattering problem is briefly sketched.
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1. Introduction. In this work we present a new approach for locating an ensemble of
compactly supported time-harmonic acoustic or electromagnetic sources from far field obser-
vations of the radiated wave across a whole frequency band (0, kmax) ⊆ R but only at a few
(finitely many) pairs of observation directions

{±θ1, . . . ,±θJ} =: Θ ⊆ Sd−1 ,

where d = 2, 3 denotes the dimension. The aim is to develop a reconstruction method that
efficiently utilizes multifrequency information in order to reduce the number of sensor locations
required to obtain a useful reconstruction of the support of the sources. This is practically
relevant because it is easier to vary frequency than to change the location of a sensor.

Using the Helmholtz equation as our model for time-harmonic wave propagation, the far
field data measured for each pair of receiver directions ±θj coincide up to a constant factor
with the d-dimensional Fourier transform of the superposition of sources restricted to the lines

{tθj | − kmax < t < kmax} , 1 ≤ j ≤ J ,
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of length 2kmax through the origin. Hence, the inverse problem we are concerned with consists
in recovering the support of a function given its Fourier transform on a subset of the Fourier
domain that is band-limited and highly sparse.

Since without further assumptions neither the sources nor their support are uniquely
determined by the given data, a classical approach would be to consider a least squares
formulation with a suitable regularization to approximate the source with smallest L2-norm
that is compatible with the data. However, in practice it is often difficult to recover useful
information on the support of a source from such regularized least squares solutions. In general
no upper bounds on the support of a source can be obtained from sparse multifrequency far
field data sets as considered in this work, because there exist so-called nonradiating sources
with arbitrarily large support that radiate waves with vanishing far fields. However, Sylvester
and Kelly [34] recently established rigorous lower bounds for the support of a source in terms
of sparse multifrequency far field data sets. Their so-called Θ-convex scattering support is a
single Θ-convex polygon (a convex polygon with normals in the directions ±θj , j = 1, . . . , J)
that is uniquely determined by the data and must be contained in any Θ-convex polygon
which contains the source.

We follow this idea but discuss a restricted setting, assuming that the real part of a
complex multiple of the sources is bounded away from zero on their support. Henceforth,
we call this a coercivity assumption on the sources. In the most important application that
we have in mind, which is linearized inverse medium scattering, this coercivity assumption
corresponds to coercivity constraints on the contrast of the index of refraction of the scatterers
relative to the background medium.

We develop a factorization method [23, 25] that recovers not only a single but a union of
Θ-convex polygons which approximate the well-separated components of the support of the
ensemble of sources. We show that these reconstructions must be contained in the Θ-convex
hull of the support of the whole collection of sources (the smallest Θ-convex polygon which
contains this support) and that they must contain the Θ-convex hulls of the supports of the
individual source components. We mention that our coercivity assumption implies that the
Θ-convex hull of the support of a source actually coincides with the corresponding Θ-convex
scattering support.

We start by considering a single pair of observation directions ±θj and use the correspond-
ing far field data to define a convolution operator F θj . We show that this operator admits a
factorization

F θj = L
θj
DTD

(
L
θj
D

)∗
of similar structure as known from the traditional factorization method for single-frequency
inverse medium scattering problems with multistatic far field data [24, 25]. The ranges of
L
θj
D and of the square root of a suitable combination of the real and imaginary parts of F θj

coincide. Since the latter is known from the measurement data, we can utilize this to develop
a criterion to decide (based on the given far field data) for any given function whether it
belongs to the range of LθjD . Applying this test to a suitable test function associated with an
arbitrary test point z ∈ Rd, we can decide whether the projection of z on the one-dimensional
subspace spanned by the observation directions ±θj belongs to the set-valued projection of
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the support of the ensemble of sources on this subspace. This can be used to determine the
smallest union of strips (intersections of parallel half spaces) with normals in the observation
directions ±θj that contains the support of the sources.

Combining this test for all available pairs of observation directions ±θ1, . . . ,±θJ ∈ Θ yields
an algorithm that recovers a union of Θ-convex polygons (the intersections of the unions of
strips obtained for each pair of observation directions ±θj) that is a subset of the Θ-convex
hull of the support of the whole collection of sources, which contains the Θ-convex hull of the
support of each source component.

The reconstruction method considered in this work is a generalization of the MUSIC
reconstruction scheme recently developed in [15] for locating point sources from given discrete
multifrequency far field data. This MUSIC scheme is somewhat related to the MUSIC methods
considered in [27, 28] and also to multivariate generalizations of Prony’s method [7, 32].
Reconstruction methods based on similar viewpoints from within the area of inverse scattering
are, e.g., the multifrequency sampling methods [12, 17, 29], the time-domain sampling methods
[5, 16, 18], the scattering supports discussed in [26, 33], or the back-propagation schemes [11,
13, 14, 31]. For further recent contributions to multifrequency inverse source problems we
refer, e.g., to [2, 3, 8, 35], and other methods aiming for approximating the location and shape
of sources using additional a priori assumptions on the geometry and physical properties of
the sources can, e.g., be found in [1, 4, 9, 10, 19, 20, 21, 22].

The outline of this paper is as follows. After describing the mathematical setup of our
problem in section 2, we develop and analyze the factorization method for multifrequency
measurements for a single pair of observation directions ±θj in section 3. In section 4 we
discuss the numerical implementation of the method for a single pair of observation direc-
tions, and in section 5 we extend the reconstruction scheme and its numerical implementation
for multiple observation directions. We briefly comment on possible generalizations of the
reconstruction method to the linearized inverse medium scattering problem and to frequency
bands (kmin, kmax) ⊆ (0,∞) bounded away from zero in section 6, and we conclude with some
final remarks.

2. Problem formulation. Let

D :=
M⋃
m=1

Dm ⊆ Rd

be an ensemble of finitely many well-separated bounded domains in Rd, d = 2, 3, i.e.,
Dj ∩D` = ∅ for j 6= `, and let f ∈ L∞(D) represent a compactly supported acoustic or
electromagnetic source. The time-harmonic wave u ∈ H1

loc(Rd) radiated by f at wave number
k > 0 is modeled as the unique solution to the Helmholtz equation

(2.1) −∆u− k2u = f in Rd

that satisfies the Sommerfeld radiation condition

(2.2) lim
r→∞

r
d−1

2

(
∂u

∂r
− iku

)
= 0 , r = |x| .
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It is well known (see, e.g., [6]) that u has the asymptotic behavior

u(x; k) = Ck
eik|x|

|x|
d−1

2

u∞(θx; k) +O
(
|x|−

d+1
2

)
, θx =

x

|x|
∈ Sd−1 , r = |x| → ∞ ,

where Ck = eiπ/4/
√

8πk if d = 2 and Ck = k2/(4π) if d = 3, and the far field u∞( · ; k) of
u( · ; k) is given by

(2.3) u∞(θx; k) =
∫
D
e−ikθx·yf(y) dy = f̂(kθx) , θx ∈ Sd−1 ,

i.e., u∞( · ; k) is the Fourier transform of the source evaluated on the sphere kSd−1. Throughout
we refer to u∞( · ; k) as the far field radiated by f at wave number k.

In the following we assume that the far field is observed at only a few, say, 2J , observation
directions,

(2.4) {±θ1, . . . ,±θJ} =: Θ ⊆ Sd−1 ,

but across a whole band of wave numbers k ∈ (0, kmax) for some kmax > 0. Since the right-hand
side of (2.3) fulfills the symmetry relation

f̂(kθx) = f̂((−k)(−θx)) , θx ∈ Sd−1 , k > 0 ,

the definition of the far field immediately extends to negative wave numbers by means of

(2.5) u∞(θ;−k) := u∞(−θ; k) , θ ∈ Sd−1 , k > 0 .

Accordingly, the measured data set is equivalent to

(2.6)
{
u∞(θj ; k) | j = 1, . . . , J , k ∈ (−kmax, kmax) \ {0}

}
.

Our aim is to deduce information on the support of the source f from these data. However,
as already mentioned in the introduction, this inverse problem is not uniquely solvable without
further assumptions. For instance, as has been pointed out in [34, Prop. 4], the source

f := ∇θ⊥1 · · · ∇θ⊥J v , v ∈ C∞0 (Rd) ,

where θ⊥j is some nonzero unit vector perpendicular to the observation directions ±θj for each
j = 1, . . . , J , and ∇θ⊥j denotes the directional derivative along θ⊥j , yields a radiated wave with
vanishing far field on all straight lines through the origin with direction ±θj , j = 1, . . . , J ,
and therefore this particular source cannot be detected from the given data set (2.6). For this
reason Sylvester and Kelly [34] have introduced the notion of Θ-convex scattering support of
(restricted) far field data as in (2.6), which is a well-defined lower bound on the Θ-convex hull
of the support of the source f .

To be more specific, we define the (closed) convex hull of a subset Ω ⊆ Rd as the intersec-
tion of all (closed) half spaces
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Hs,θ := {x ∈ Rd | x · θ ≤ s} , θ ∈ Sd−1 , s ∈ R ,

which contain it, i.e.,

ch(Ω) :=
⋂

θ∈Sd−1

{x ∈ Rd | x · θ ≤ sΩ(θ)} ,

where

sΩ(θ) := sup
x∈Ω

x · θ , θ ∈ Sd−1 ,

is the supporting function of Ω. Accordingly the Θ-convex hull of Ω is given by

KsΩ(Θ) :=
⋂
θ∈Θ

{x ∈ Rd | x · θ ≤ sΩ(θ)} ,

and similarly we write for any single pair ±θ ∈ Sd−1

(2.7) KsΩ({±θ}) := {x ∈ Rd | sΩ(−θ) ≤ x · θ ≤ sΩ(θ)} ,

which is the smallest strip (intersection of two parallel half spaces) with normals in the direc-
tions ±θ that contains Ω.

Remark 2.1. It is important to note that for D =
⋃M
m=1Dm as above typically

M⋃
m=1

KsDm (Θ) (
J⋂
j=1

M⋃
m=1

KsDm ({±θj}) ( KsD(Θ)

and even

M⋃
m=1

ch(Dm) (
⋂

θ∈Sd−1

M⋃
m=1

KsDm ({±θ}) ( ch(D) .

This can easily be seen, for example, when M = 2 and D1 and D2 are two disjoint balls in
Rd, as shown in Figure 1 for d = 2.

In contrast to [34], we will not consider the most general case, but we add some constraints
on the source f that restore a certain degree of uniqueness and that will be needed to establish
the theoretical justification of the factorization method in the next section. In our main result,
Theorem 3.6 below, we assume that f ∈ L∞(D) is such that there exist τ ∈ R and c0 > 0
such that Re(eiτf(x)) ≥ c0 for almost every x ∈ D. The Θ-convex scattering support and the
Θ-convex hull of the support D of the source coincide in this case, and we show that this set
and information on the Θ-convex hulls of the supports of the individual source components
D1, . . . , DM can be recovered from the given data (2.6).

Remark 2.2. To put our results into perspective, we briefly discuss two related but larger
data sets:
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Figure 1. Example with two disjoint disks D1 and D2. Left: ch(D1) ∪ ch(D2) (gray). Center:⋂
θ∈S1(KsD1

({±θ}) ∪KsD2
({±θ})) (gray). Right: ch(D1 ∪D2) (gray).

(a) If u∞(θ; k) is available for all k ∈ (0, kmax) and not only for a sparse set of observation
directions but for all θ ∈ Sd−1, then by (2.3) this is equivalent to the knowledge
of f̂ in the ball Bkmax(0) of radius kmax centered at the origin. Applying the d-
dimensional inverse Fourier transform to these band-limited data directly results in a
blurred reconstruction of the source. Moreover, since f is compactly supported, its
Fourier transform f̂ is analytic and thus f̂ as well as the source f and its support
are in fact uniquely determined by the given data. Numerically, analytic continuation
is unstable of course, but the factorization method for the linearized inverse medium
problem [24] can immediately be adapted to recover the support of f directly from
this data set (without analytic continuation and without blurring).

(b) On the other hand, if u∞(θ; k) is given for the sparse set of observation directions Θ
from (2.4) and not only for k ∈ (0, kmax) but for all k > 0, then this is equivalent to
the knowledge of f̂(kθj) for all k ∈ R and j = 1, . . . , J . Applying the Fourier slice
theorem

(2.8) f̂(kθj) =
∫

R
e−iks

∫
θ⊥j

f(sθj + η) dη ds =
∫

R
e−iks(Rf)(θj , s) ds ,

where θ⊥j denotes the hyperplane perpendicular to θj and Rf is the Radon transform
of f (see, e.g., [30, Thm. 1.1]), shows that this data set is equivalent to the knowledge
of (Rf)(θj , · ) for j = 1, . . . , J . If f ∈ L∞(D) satisfies our coercivity assumption
Re(eiτf(x)) ≥ c0 > 0 for almost every x ∈ D, then clearly

{
x ∈ Rd

∣∣ x · θj ∈ supp((Rf)(θj , · ))
}

=
M⋃
m=1

KsDm ({±θj}) ,

and this set, which coincides with the smallest union of strips with normals in the
directions ±θj that contains D1, . . . , DM , can be approximated numerically by esti-
mating the support of (Rf)(θj , · ). Combining these reconstructions for all observation
directions yields

(2.9)
J⋂
j=1

M⋃
m=1

KsDm ({±θj}) ,
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which is a subset of the Θ-convex hull KsD(Θ) of the support of f that contains the
Θ-convex hull KsDm (Θ) of the support Dm of each source component.

The main contribution of this article is a reconstruction algorithm that recovers the set
in (2.9) from sparse band-limited data as in (2.6) (without analytic continuation and without
blurring).

3. The factorization method for a single observation direction. We start by consider-
ing far field data u∞(±θj ; k), k ∈ (0, kmax), for a single pair of observation directions ±θj ,
1 ≤ j ≤ J , and use the extension of these data to negative wave numbers in (2.5) to define
the convolution operator F θj : L2(0, kmax)→ L2(0, kmax),

(3.1)
(
F θjφ

)
(t) :=

∫ kmax

0
u∞(θj ; t− s)φ(s) ds , t ∈ (0, kmax) .

The mathematical foundation of our reconstruction method relies on a suitable factorization
of F θj . This factorization involves the operator LθjD : L2(D)→ L2(0, kmax),

(3.2)
(
L
θj
Dψ
)

(t) :=
∫
D
e−itθj ·yψ(y) dy , t ∈ (0, kmax) ,

and its adjoint (LθjD )∗ : L2(0, kmax)→ L2(D),

(3.3)
((
L
θj
D

)∗
φ
)

(y) :=
∫ kmax

0
eisθj ·yφ(s) ds , y ∈ D .

We have the following factorization theorem for F θj .

Theorem 3.1. Let F θj : L2(0, kmax)→ L2(0, kmax) be defined by (3.1). Then

F θj = L
θj
DTD

(
L
θj
D

)∗
with LθjD and (LθjD )∗ from (3.2) and (3.3), respectively. The operator TD : L2(D)→ L2(D) is
a multiplication operator given by TDg = fg, where as before f ∈ L∞(D) denotes the source
radiating the far field u∞ as in (2.3).

Proof. Let φ ∈ L2(0, kmax). Then, for any t ∈ (0, kmax),(
L
θj
DTD

(
L
θj
D

)∗
φ
)

(t) =
∫
D
e−itθj ·y

(
TD

(
L
θj
D

)∗
φ
)

(y) dy

=
∫
D
e−itθj ·yf(y)

∫ kmax

0
φ(s)eisθj ·y ds dy

=
∫ kmax

0
φ(s)

∫
D
e−i(t−s)θj ·yf(y) dy ds =

∫ kmax

0
φ(s)u∞(θj ; t− s) ds

=
(
F θjφ

)
(t) .

Next we establish a density result for LθjD .
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Lemma 3.2. The operator LθjD is compact with dense range.

Proof. Let φ ∈ L2(0, kmax) and denote by φ̃ ∈ L2(R) the extension of φ to R that is zero
outside (0, kmax). Then((

L
θj
D

)∗
φ
)

(y) =
∫ kmax

0
eisθj ·yφ(s) ds =

∫ ∞
−∞

eisθj ·yφ̃(s) ds , y ∈ D ,

coincides (up to a constant factor) with the inverse Fourier transform of φ̃ on the open subset
θj ·D ⊆ R. The latter is analytic, because φ̃ is compactly supported. Therefore, if (LθjD )∗φ = 0
on D, then φ̃ = 0 on R by analytic continuation, and thus φ = 0 on (0, kmax). Hence, (LθjD )∗

is one-to-one, and since R(LθjD ) = N ((LθjD )∗)⊥, this shows that LθjD has dense range.
The compactness of LθjD follows immediately from (3.2).

We have the following lemma describing the dependence of the range of the operator LθjD
on the projection (θj ·D)θj of the domain D on the one-dimensional subspace of Rd that is
spanned by the observation directions ±θj .

Lemma 3.3. Let Ω1,Ω2 ⊆ Rd be bounded domains, and let LθjΩ` : L2(Ω`)→ L2(0, kmax),
` = 1, 2, be defined as in (3.2) (with D replaced by Ω`). If θj · Ω1∩θj · Ω2 = ∅, then the ranges
of LθjΩ1

and LθjΩ2
have trivial intersection, i.e., R(LθjΩ1

) ∩R(LθjΩ2
) = {0}.

Proof. Suppose that θj · Ω1 ∩ θj · Ω2 = ∅. Applying the Fourier slice theorem as in (2.8)
we find that for any ψ` ∈ L2(Ω`), ` = 1, 2,(

L
θj
Ω`ψ`

)
(t) = ψ̂`(tθj) =

(
R̂
θj
Ω`ψ`

)
(t) , t ∈ (0, kmax) ,

where RθjΩ` : L2(Ω`)→ L1(R),

(3.4)
(
R
θj
Ω`ψ`

)
(s) :=

∫
θ⊥j

ψ`(sθj + y) dy , s ∈ R ,

denotes the (bounded extension of the) Radon transform in the hyperplane perpendicular to
θj . Accordingly, it suffices to show that

R
(
R
θj
Ω1

)
∩R

(
R
θj
Ω2

)
= {0} .

However, since θj · Ω1 ∩ θj · Ω2 has measure zero, the latter follows immediately from the fact
that, for ` = 1, 2,

supp
(
R
θj
Ω`ψ`

)
⊆ θj · Ω` for all ψ` ∈ L2(Ω`) .

The next step in the derivation of the factorization method for one fixed pair of observation
directions ±θj is a characterization of the projection (θj ·D)θj of D on the one-dimensional
subspace of Rd that is spanned by ±θj in terms of the range of the operator LθjD .
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Lemma 3.4. For any z ∈ Rd and ε > 0 let the test function φθjz,ε ∈ L2(0, kmax) be defined by

(3.5) φ
θj
z,ε(t) :=

1
|Bε(z)|

∫
Bε(z)

e−itθj ·y dy , t ∈ (0, kmax) ,

where Bε(z) denotes the ball of radius ε centered at z and |Bε(z)| its volume.
(a) If θj · z ∈ θj ·D, then there exists ε > 0 such that φθjz,ε ∈ R(LθjD ).
(b) For any ε > 0,

θj ·Bε(z) ∩ θj ·D = ∅

implies that φθjz,ε /∈ R(LθjD ).

Proof.
(a) If θj · z ∈ θj ·D, then there exists y ∈ D such that θj · z = θj · y, and since D ⊆ Rd is

open, there exists ε > 0 such that Bε(y) ⊆ D. Accordingly, Bε(z) · θj = Bε(y) · θj and
therefore

1
|Bε(y)|

L
θj
DχBε(y) = φ

θj
z,ε ,

where χBε(y) denotes the characteristic function on Bε(y). Hence φθjz,ε ∈ R(LθjD ).
(b) On the other hand, if θj ·Bε(z) ∩ θj ·D = ∅, then Lemma 3.3 shows that

R
(
L
θj
Bε(z)

)
∩R

(
L
θj
D

)
= {0} .

Since 0 6= φ
θj
z,ε = 1

|Bε(z)|L
θj
Bε(z)

χBε(z) ∈ R(LθjBε(z)), this implies that φθjz,ε /∈ R(LθjD ).

Remark 3.5. In particular, Lemma 3.4 shows that for any ε > 0 the condition φ
θj
z,ε ∈

R(LθjD ) implies that θ ·Bε(z) ∩ θ ·D 6= ∅.

Next we express the range of LθjD in terms of the operator F θj .

Theorem 3.6. Assume that there exists τ ∈ R and a constant c0 > 0 such that
Re(eiτf(x)) ≥ c0 for almost every x ∈ D. Then the self-adjoint operator

(3.6) F
θj
# := Re(eiτF θj ) :=

1
2

(eiτF θj + e−iτ (F θj )∗)

is positive and satisfies R(LθjD ) = R((F θj# )1/2).

Proof. From Lemma 3.2 we already know that L
θj
D is compact with dense range and

accordingly its adjoint (LθjD )∗ is compact and one-to-one. Furthermore, since Re(eiτf(x)) ≥ c0
by assumption, we find that

Re(eiτ 〈Tg, g〉L2(D)) =
∫
D

Re(eiτf(x))|g(x)|2 dx ≥ c0‖g‖2L2(D) ,

i.e., the operator Re(eiτT ) is coercive. Therefore, applying Theorem 4.1 in [24] shows that
R(LθjD ) = R((F θj# )1/2).
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Putting Lemma 3.4 and Theorem 3.6 together, and recalling (2.7), we arrive at the follow-
ing characterization of the support D of the source f in terms of the operator F θj# , i.e., in terms
of the far field data u∞(±θj ; k), k ∈ (0, kmax), measured in the observation directions ±θj .
We use int(Ω) to denote the set of all interior points of a set Ω ⊆ Rd.

Theorem 3.7. Under the assumptions of Theorem 3.6 we have the following for any z ∈ Rd:
(a) If z ∈

⋃M
m=1 int(KsDm ({±θj})), then there exists ε > 0 such that φθjz,ε ∈ R((F θj# )1/2).

(b) If z /∈
⋃M
m=1KsDm ({±θj}), then there exists ε0 > 0 such that φθjz,ε /∈ R((F θj# )1/2) for

any 0 < ε ≤ ε0.
Here again F

θj
# = Re(eiτF θj ) and φθjz,ε(t) = (1/|Bε(z)|)

∫
Bε(z) e

−itθj ·y dy, t ∈ (0, kmax).

Proof.
(a) If z ∈

⋃M
m=1 int(KsDm ({±θj})), then θj · z ∈ θj ·D and Lemma 3.4(a) together with

the range identity in Theorem 3.6 shows that there exists ε > 0 such that φθjz,ε ∈
R(LθjD ) = R((F θj# )1/2).

(b) On the other hand, if z /∈
⋃M
m=1KsDm ({±θj}), then θj ·z /∈ θj ·D and there exists ε0 >

0 such that θj ·Bε(z) ∩ θj ·D = ∅ for any 0 < ε ≤ ε0. Accordingly, by Lemma 3.4(b)
and Theorem 3.6 we obtain that φθjz,ε /∈ R((F θj# )1/2).

4. Numerical implementation for a single observation direction. Theorem 3.7 says
that the far field data u∞(±θj ; k), k ∈ (0, kmax), for a single pair of observation directions
±θj ∈ Θ uniquely determine the smallest union of strips perpendicular to ±θj that contains
all sources. This can be translated in a numerical reconstruction scheme as follows. Denoting
by {(λθjn , ψ

θj
n ) | n ∈ N} an eigensystem of the positive and self-adjoint operator F θj# , Picard’s

theorem (cf., e.g., [6, Thm. 4.8]) shows that for any ε > 0

φ
θj
z,ε ∈ R((F θj# )1/2) if and only if

∞∑
n=1

|〈φθjz,ε, ψ
θj
n 〉L2(0,kmax)|2

λ
θj
n

< ∞ .

Therefore, defining the indicator function

(4.1) W
θj
ε (z) :=

( ∞∑
n=1

|〈φθjz,ε, ψ
θj
n 〉L2(0,kmax)|2

λ
θj
n

)−1

, z ∈ Rd ,

Theorem 3.7 can be rephrased as follows.

Corollary 4.1. Under the assumptions of Theorem 3.6 we have the following for any z ∈ Rd:
(a) If z ∈

⋃M
m=1 int(KsDm ({±θj})), then there exists ε > 0 such that W θj

ε (z) > 0.

(b) If z /∈
⋃M
m=1KsDm ({±θj}), then there exists ε0 > 0 such that W θj

ε (z) = 0 for any
0 < ε ≤ ε0.

In our numerical examples below we consider 2N equidistant samples u∞(±θj ; kn),
n = 1, . . . , N , of the far field, where

(4.2) kn :=
(
n− 1

2

)
∆k with ∆k :=

kmax

N
> 0 .
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Recalling (2.5), this data set is equivalent to

(4.3) u∞(θj ;−kN ), . . . , u∞(θj ;−k1), u∞(θj ; k1), . . . , u∞(θj ; kN ) .

To determine an appropriate sampling rate ∆k in (4.2), we utilize once more the Fourier
slice theorem

u∞(θj ; k) = f̂(kθ) =
(
R̂
θj
Df

)
(k) , k ∈ R ,

where RθjD is the Radon transform in the hyperplane perpendicular to θj as defined in (3.4).
Since supp(RθjDf) ⊆ [−R,R], where R > 0 is the radius of the smallest ball centered at the
origin that contains the support of the source f , we find that u∞(θj ; · ) is R-band-limited.
Accordingly, the Nyquist condition (cf., e.g., [30, sect. III.1]) suggests choosing

(4.4) ∆k ≤ π

R
.

Using the 2N equidistant samples of the far field in (4.3) and applying the midpoint rule
we obtain for the convolution operator F θj from (3.1) that

(
F θjφ

)
(tp) =

∫ kmax

0
u∞(θj ; tp − s)φ(s) ds ≈ ∆k

N∑
`=1

u∞(θj ; tp − s`)φ(s`)

for tp := p∆k and p = 0, . . . , N − 1. Here s` := (` − 1
2)∆k for ` = 1, . . . , N . Accordingly, a

discrete approximation of F θj is given by the Toeplitz matrix

F θj := ∆k


u∞(θj ;−k1) u∞(θj ;−k2) · · · u∞(θj ;−kN )
u∞(θj ; k1) u∞(θj ;−k1) · · · u∞(θj ;−kN−1)

...
...

u∞(θj ; kN−1) u∞(θj ; kN−2) · · · u∞(θj ;−k1)

 ∈ CN×N ,

and accordingly,

(4.5) F
θj
# :=

1
2

(
eiτF θj + e−iτ (F θj )∗

)
is a finite dimensional realization of the operator F θj# from (3.6).

Similarly, we discretize the test function φ
θj
z,ε from (3.5) by the test vector

(4.6) φ
θj
z :=

[
e−it0θj ·z, . . . , e−itN−1θj ·z

]T
∈ CN , z ∈ Rd .

Since we can choose the parameter ε > 0 in the reconstruction method arbitrarily small, this
is justified by Taylor’s theorem.

Remark 4.2. We note that the upper bound on ∆k in (4.4) ensures that |∆k(θj · z)| < π
for any z ∈ BR(0). In particular no two points in the region of interest BR(0) share the same
test vector φθjz .
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Denoting by {(λ̃θjn , ψ̃
θj
n ) | n = 1, . . . , N} an eigensystem of the self-adjoint matrix F θj

# , we

approximate the indicator function W
θj
ε from (4.1) by

(4.7) W
θj
N (z) :=

( N∑
n=1

|(φθjz )∗ψ̃θjn |2

λ̃
θj
n

)−1

, z ∈ BR(z) .

From Corollary 4.1 we expect that W θj
N (z) is much larger for z ∈

⋃M
m=1KsDm ({±θj}) than for

z /∈
⋃M
m=1KsDm ({±θj}). Accordingly, a plot ofW θj

N (z), z ∈ BR(0), should yield a visualization
of the union of strips

⋃M
m=1KsDm ({±θj}).

Choosing a suitable threshold parameter δ > 0, this suggests that the numerical range
criterion

(4.8) z ∈
M⋃
m=1

K̃sDm ({±θj}) if and only if W
θj
N (z) > δ

for any z ∈ BR(0) determines an approximation
⋃M
m=1 K̃sDm ({±θj}) of

⋃M
m=1KsDm ({±θj})

in the region of interest BR(0).

Example 4.3. We illustrate the reconstruction procedure for a single pair of observation
directions by a two-dimensional numerical example. Let f = f1 +f2 be a superposition of two
compactly supported sources,

f1(x) := i(1.1 + sin(x1)) , x = (x1, x2) ∈ D1 ,

f2(x) := 3(2 + cos(x2)) , x = (x1, x2) ∈ D2 ,

where D1 is an ellipsoidal domain and D2 is a kite-shaped domain as shown in Figure 2 (left).
This source satisfies the coercivity assumption from Theorem 3.6 with τ = −π/4. We note
that the strength of the ellipsoidal source component is considerably lower than that of the
kite-shaped source component, and therefore the ellipsoidal source can hardly be distinguished
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Figure 2. Left: Absolute values of the source f (color coded), support of the source (solid line). Right:
Reconstruction {W θj

16 > 2.5 · 10−3} for a single pair of observation direction ±θj (gray), support of the source
(solid line).
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from the background in this plot. The support of f is contained in the ball of radius R = 6
centered at the origin. We consider simulated far field data u∞(±θj ; kn) radiated by f for
a single pair of observation directions ±θj = ±(cos(π/8), sin(π/8)) ∈ S1 at N = 16 different
wave numbers kn = (n−1/2)∆k, n = 1, . . . , N . Here we use ∆k = π/6 ≈ 0.52, as suggested in
(4.4), i.e., the smallest and largest wave numbers are kmin ≈ 0.26 and kmax ≈ 8.12, respectively.

We compute the eigenvalues and eigenvectors of the matrix F θj
# ∈ C16×16 from (4.5)

(using the parameter τ = −π/4, which we assume to be known) and evaluate the indicator
function W

θj
16 from (4.7) on the square [−5, 5]2. Applying the numerical range criterion (4.8)

with threshold parameter δ = 2.5 · 10−3, we show in Figure 2 (right) a visualization of the
reconstruction

{x ∈ [−5, 5]2 |W θj
16 (x) > δ}

(gray ribbons). For comparison we have also included the boundary of the support of the
source f in this plot (solid line). As predicted by our theoretical results, the reconstruction
nicely approximates the smallest union of strips perpendicular to the observation directions
±θj that contains the source, i.e., KsD1

({±θj}) ∪KsD2
({±θj}).

To illustrate the sensitivity of this reconstruction with respect to the threshold param-
eter δ, we include in Figure 3 (left) a semilogarithmic plot of a cross section W

θj
16 (sθj),

−5 ≤ s ≤ 5, parallel to ±θj . The dashed line corresponds to the threshold parameter
δ = 2.5 · 10−3 used in this example. The indicator function decays rapidly away from
KsD1

({±θj}) ∪KsD2
({±θj}), which indicates that useful reconstructions are obtained for an

acceptably wide range of values for δ.
Getting back to our discussion in Remark 2.2(b) we show in Figure 3 (right) an approxima-

tion of the absolute value of the Radon transform |(Rf)(θj , · )| obtained by a discrete inverse
Fourier transform of the data u∞(±θj ; kn), 1 ≤ n ≤ N . Since these data are band-limited,
this reconstruction is blurred and shows the typical oscillatory behavior. It is arguably much
easier to estimate the support of the source in direction ±θj from the plot on the left-hand
side of Figure 3 than from the plot on the right-hand side.
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Figure 3. Left: Cross section of W θj

16 parallel to the observation directions ±θj (solid line), threshold δ =
2.5 · 10−3 (dashed line). Right: Cross section of an approximation of |(Rf)(θj , · )| parallel to the observation
directions ±θj obtained from the data.
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5. The reconstruction scheme for multiple observation directions. Next we discuss an
extension of the reconstruction method developed in sections 3–4 to multiple observation
directions ±θ1, . . . ,±θJ ∈ Θ, i.e., to the data set given in (2.6). We introduce the generalized
indicator function

WΘ
ε (z) :=

( J∑
j=1

∞∑
n=1

|〈φθjz,ε, ψ
θj
n 〉L2(0,kmax)|2

λ
θj
n

)−1

, z ∈ Rd ,

where as before, for each pair of observation directions ±θj , the test function φ
θj
z,ε is given

by (3.5), and {(λθjn , ψ
θj
n ) | n ∈ N} denotes an eigensystem of the operator F θj# in (3.6).

Combining the characterization of the support of the source from Theorem 3.7 and Corol-
lary 4.1 for all available pairs of receiver directions ±θ1, . . . ,±θJ ∈ Θ we obtain the following
result.

Corollary 5.1. Under the assumptions of Theorem 3.6 we have the following for any z ∈ Rd:
(a) If z ∈

⋂J
j=1
⋃M
m=1 int(KsDm ({±θj})), then there exists ε > 0 such that φθjz,ε ∈

R((F θj# )1/2) for any 1 ≤ j ≤ J , or equivalently WΘ
ε (z) > 0.

(b) If z /∈
⋂J
j=1
⋃M
m=1KsDm ({±θj}), then there exists 1 ≤ j ≤ J and ε0 > 0 such that

φ
θj
z,ε /∈ R((F θj# )1/2) for any 0 < ε ≤ ε0, or equivalently WΘ

ε (z) = 0 for any 0 < ε ≤ ε0.

Since

M⋃
m=1

KsDm (Θ) ⊆
J⋂
j=1

M⋃
m=1

KsDm ({±θj}) ⊆ KsD(Θ) ,

Corollary 5.1 gives a rigorous characterization of a subset of the Θ-convex hull of the support
D of the source, which contains the Θ-convex hull of the support Dm, m = 1, . . . ,M , of each
individual source component, in terms of the measured data (2.6).

The numerical implementation of Corollary 5.1 proceeds along the lines of section 4.
For each pair of observation directions ±θj , j = 1, . . . , J , we compute the corresponding
eigenvectors and eigenvalues {(λ̃θjn , ψ̃

θj
n ) | n = 1, . . . , N} of the matrix F θj

# and evaluate the
approximate indicator function

WΘ
N (z) :=

J∑
j=1

( N∑
n=1

|(φθjz )∗ψ̃θjn |2

λ̃
θj
n

)−1

, z ∈ BR(0) .

Again we expect that the value of WΘ
N (z) is much larger for z ∈

⋂J
j=1
⋃M
m=1KsDm ({±θj})

than for z /∈
⋂J
j=1
⋃M
m=1KsDm ({±θj}), and plotting WΘ

N (z) should yield a visualization of⋂J
j=1
⋃M
m=1KsDm ({±θj}). Accordingly, choosing a suitable threshold parameter δ > 0, this

suggests the numerical range criterion

(5.1) z ∈
J⋂
j=1

M⋃
m=1

K̃sDm ({±θj}) if and only if WΘ
N (z) > δ
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for any z ∈ BR(0) for determining an approximation
⋂J
j=1
⋃M
m=1 K̃sDm ({±θj}) of the set⋂J

j=1
⋃M
m=1KsDm ({±θj}) in the region of interest BR(0).

Example 5.2. We continue Example 4.3, but now we consider J = 8 pairs of observation
directions

±θj = ±
(

cos
(j − 1)π

J
, sin

(j − 1)π
J

)
, j = 1, . . . , J ,

and (as before) N = 16 different wave numbers kn = (n − 1/2)∆k, n = 1, . . . , N , with
∆k = π/6 ≈ 0.52 for each direction.

Applying the numerical range criterion (5.1) with threshold parameter δ = 2.5 · 10−3, we
show in Figure 4 (left) a visualization of the reconstruction

(5.2) {x ∈ [−5, 5]2 |WΘ
16(x) > δ}

(gray). For comparison we also included the boundary of the support of the source f in this
plot (solid line). The reconstruction is very close to the union

⋃M
m=1KsDm (Θ) of the Θ-convex

hulls of the supports Dm, m = 1, . . . ,M , of the individual source components.
To get an idea about the sensitivity of the algorithm with respect to noise in the data, we

redo this computation but add uniformly distributed relative error to the simulated forward
data before starting the reconstruction procedure. The resulting reconstructions are shown
in Figure 4 for two different noise levels. In these reconstructions the noise is only accounted
for via the threshold parameter δ of (5.2): We use δ = 0.01 for 1% noise and δ = 0.02 for 5%
noise. The results clearly get worse with increasing noise level, but they still contain useful
information on the location of the sources.

Of course the number of observation directions and the number of frequencies affect the
quality of the reconstructions as well: The more data we use, the better are the reconstructions.
However, even in the limit as the number of observation directions tends to infinity we cannot
expect to recover the exact convex hulls of the supports of the individual source components
(cf. Remarks 2.1 and 5.3).

−4 −2 0 2 4

−4

−2

0

2

4

−4 −2 0 2 4

−4

−2

0

2

4

−4 −2 0 2 4

−4

−2

0

2

4

Figure 4. Reconstructions from 8 pairs of observation directions using 16 different frequencies each.
Left: 0% noise. Middle: 1% noise. Right: 5% noise.
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Remark 5.3. Corollary 5.1 shows that the reconstruction obtained by the algorithm for
multiple observation directions based on the numerical range criterion (4.8) approximates the
union of convex polygons

X :=
J⋂
j=1

M⋃
m=1

KsDm ({±θj}) ,

which is a subset of the Θ-convex hull of the support D of the source that contains the Θ-
convex hulls of the supports Dm, m = 1, . . . ,M , of the individual source components. In case
of a single source component these two sets coincide of course. However, if there are two or
more well-separated source components, then the reconstruction X might actually be larger
than the union of the Θ-convex hulls of the supports of the individual source components,
depending on the geometrical configuration.

A glance at the proofs in section 3 reveals that for any z ∈ KsD(Θ) \
⋃M
m=1KsDm (Θ) we

have that z /∈ X (i.e., z is not part of the reconstruction) if and only if there is a pair of
observation directions ±θj , 1 ≤ j ≤ J , such that θj · z /∈ θj ·D. The latter is equivalent to
the condition (z+ θ⊥j )∩D = ∅, where θ⊥j denotes the hyperplane perpendicular to ±θj . This
means that if there is no affine hyperplane perpendicular to a pair of observation directions
±θj ∈ Θ that contains z but does not intersect the support D of the source, then z cannot
be identified as a point outside

⋃M
m=1KsDm (Θ) by the reconstruction scheme and will be part

of the reconstruction. This is more likely to happen if the individual source components are
very close to each other relative to their dimensions. For points z outside the Θ-convex hull
of the support of the whole collection of sources such an affine hyperplane always exists of
course, and therefore the reconstruction X is contained in KsD(Θ).

On the positive side we mention that as the size of the supports of the individual source
components becomes smaller with respect to their relative distances, the reconstructions get
closer to

⋃M
m=1KsDm (Θ). In fact we have recently considered the limiting case when the

diameters of the supports of the individual source components tend to zero in [15], and we
established upper bounds on the number of observation directions and wave numbers that
are sufficient to uniquely recover the positions of a finite collection of (infinitesimally small)
point sources using a finite dimensional variant of the factorization method presented in this
work—a MUSIC algorithm.

6. Possible extensions. We discuss two possible extensions of the algorithm presented so
far. The first concerns the Born approximation of scattering from an inhomogeneous medium,
while the second deals with frequency bands bounded away from zero.

6.1. Linearized inverse medium scattering. Let D =
⋃M
m=1Dm be a collection of well-

separated bounded domains, and assume that each subdomain Dm, m = 1, . . . ,M , represents
a scattering object specified by its refractive index n2

m = 1 + qm for some qm ∈ L∞(Dm) with

(6.1) Re(qm) ≥ 0 , Im(qm) ≥ 0, and |qm| ≥
√

2c0 > 0 on Dm .

Suppose that the scatterers are embedded in a homogeneous background medium such that
the refractive index n2 of the whole configuration is given by
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n2 = 1 + q =

{
n2
m in Dm , m = 1, . . . ,M ,

1 in Rd \D .

Denoting by ui( · , θ; k) a time-harmonic plane wave incident field with incident direction
θ ∈ Sd−1 and wave number k > 0, i.e.,

ui(x, θ; k) = eikx·θ , x ∈ Rd ,

the mathematical model for scattering by an inhomogeneous medium that we use is the
Helmholtz equation

∆u+ k2n2u = 0 in Rd .

We express the total field u in the form u = ui + us, where the scattered field us satisfies the
Sommerfeld radiation condition (2.2). Accordingly,

−∆u− k2u = k2q(ui + us) in Rd ,

and the Born approximation usB to us is the unique solution to

−∆usB − k2usB = k2qui in Rd

that satisfies the Sommerfeld radiation condition (2.2) (see, e.g., [6, p. 277]). This resem-
bles (2.1)–(2.2) with the source term f(x) = k2q(x)eikx·θ. The Born far field u∞B ( · , θ; k) of
usB( · , θ; k) is given by

u∞B (θx, θ; k) = k2
∫
D
e−ik(θx−θ)·yq(y) dy = k2q̂(k(θx − θ)) , θx ∈ Sd−1 ,

and as before, we extend the definition of u∞B to negative wave numbers by means of

(6.2) u∞B (θx, θ;−k) := u∞B (θ, θx; k), θx, θ ∈ Sd−1 , k > 0 .

If the observed scattering data allow for a symmetric extension to negative wave numbers
as in (6.2), then we can proceed as in sections 3–5 to generalize the reconstruction method to
the linearized inverse medium scattering problem. This symmetry condition is, for instance,
fulfilled for

(a) symmetric backscattering data, i.e., when far field observations

u∞(−θj , θj ; k) and u∞(θj ,−θj ; k) , j = 1, . . . , J ,

are available for some θ1, . . . , θJ ∈ Sd−1 and for a whole band of wave numbers
k ∈ (0, kmax);

(b) symmetric two-point measurements, i.e., when far field observations

u∞(θj1 , θj2 ; k) and u∞(θj2 , θj1 ; k) , j1, j2 = 1, . . . , J , j1 6= j2 ,

are available for some θ1, . . . , θJ ∈ Sd−1 and for a whole band of wave numbers
k ∈ (0, kmax).
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For example, in case of backscattering data we just have to replace the convolution operator
in (3.1) for any pair of observation directions ±θj by F θj : L2(0, kmax)→ L2(0, kmax),(

F θjφ
)

(t) :=
∫ kmax

0

1
(t− s)2u

∞
B (θj ,−θj ; t− s)φ(s) ds , t ∈ (0, kmax) .

Then, F θj = L
θj
DTD(LθjD )∗ with L

θj
D : L2(D)→ L2(0, kmax),(

L
θj
Dψ
)

(t) :=
∫
D
e−2itθj ·yψ(y) dy , t ∈ (0, kmax) ,

and the multiplication operator TD : L2(D) → L2(D), TDg = qg. Our assumptions (6.1) on
the contrasts q1, . . . , qM imply that

Re
(
e−iπ4 q(x)

)
=

1√
2

(Re(q(x)) + Im(q(x)) ≥ 1√
2
|q(x)| ≥ c0 , x ∈ D ,

i.e., a coercivity assumption as in Theorem 3.6 is satisfied with τ = −π/4. Therewith, the
results from sections 3–5 carry over. We only have to replace the test function in (3.5) by
φ
θj
z,ε(t) = (1/|Bε(z)|)

∫
Bε(z) e

−2itθj ·y dy, t ∈ (0, kmax), the test vector in (4.6) by

φ
θj
z :=

[
e−2it0θj ·z, . . . , e−2itN−1θj ·z

]T
∈ CN , z ∈ Rd ,

and the sampling condition condition (4.4) by ∆k ≤ π/(2R).
In case of symmetric two-point measurements we can proceed similarly.

6.2. Frequency bands bounded away from zero. We return to the inverse source problem
from section 2, but now we assume that the far field data u∞(θ; k) are given for J observation
directions θ ∈ {θ1, . . . , θJ} ∈ Sd−1 and across a band of wave numbers k ∈ (kmin, kmax)
for some kmax > kmin > 0. In contrast to section 2 the interval of frequencies is bounded
away from zero, and the (discrete) set of observation directions is no longer required to be
symmetric.

Proceeding as in sections 3–4 the reconstruction method can be generalized to this setting
as follows. We denote by kc := (kmax +kmin)/2 and bk := (kmax−kmin)/2 the central frequency
and half of the bandwidth of the given far field data.

Replacing the convolution operator in (3.1) for any observation direction θj by the operator
F θj : L2(0, bk)→ L2(0, bk),(

F θjφ
)

(t) :=
∫ bk

0
u∞(θj ; kc + t− s)φ(s) ds , t ∈ (0, bk) ,

we obtain the factorization F θj = L
θj
DT

θj
D (LθjD )∗ with L

θj
D : L2(D)→ L2(0, bk),(

L
θj
Dψ
)

(t) :=
∫
D
e−itθj ·yψ(y) dy , t ∈ (0, bk) ,

and the multiplication operator T θjD : L2(D)→ L2(D),
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(
T
θj
D g
)

(x) = e−ikcθj ·xf(x)g(x) , x ∈ D ,

which now also depends on the observation direction θj .
If there exist τ ∈ R and a constant c0 > 0 such that

(6.3) Re
(
eiτe−ikcθj ·xf(x)

)
≥ c0 , x ∈ D ,

then the results from sections 3–5 carry over. The condition (6.3) is, e.g., satisfied with
τ = −π/4 if

Re(f) ≥ 0 , Im(f) ≥ 0, and |f | ≥
√

2c0 > 0 on D

and if

(6.4) |kcR| <
π

4
,

where as before R > 0 is the radius of the smallest ball centered at the origin that contains
the support of the source f . We note that the condition (6.4), which was not required for
the original setup in sections 3–5, restricts the size of the central frequency in terms of the
diameter of the support of the source.

7. Summary. We have developed a qualitative reconstruction method that can be used
to locate several compactly supported sources within a homogeneous background medium
from sparse multifrequency far field measurements, provided that the sources satisfy certain
coercivity constraints. The reconstruction method efficiently utilizes the multifrequency in-
formation contained in the data, and therefore the number of receiver locations required to
obtain useful reconstructions can be reduced significantly.

The coercivity constraints on the source that we require to obtain the range identity in
Theorem 3.6 are equivalent to the assumptions on the refractive index known from traditional
factorization methods [25] and cannot easily be relaxed.

The reconstruction scheme developed in this work is particularly useful in the low-frequency
regime, where Fourier inversion techniques suffer from serious blurring effects due to the miss-
ing high-frequency information.
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