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Abstract

We consider the scattering of time-harmonic plane waves by a compactly supported inhomo-
geneous scattering obstacle governed by the Helmholtz equation. Given far field observations
of the scattered fields corresponding to plane wave incident fields for all possible incident and
observation directions we study the inverse problem to recover the support of the scatterer. We
propose a qualitative monotonicity-based regularization scheme which combines monotonicity-
based shape reconstruction with one-step linearization to reconstruct a discrete approximation
of the shape of the scatterer from noisy far field data. The purpose of the one-step linearization is
to stabilize the monotonicity approach to shape reconstruction. We show that the monotonicity-
based regularization scheme recovers the correct shape of the scatterer for noise-free data. Fur-
thermore, we establish that the solution of the monotonicity-based regularization converges to
the exact solution as the noise level tends to zero. We present numerical examples to illustrate
our theoretical findings.
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1 Introduction

The determination of a compactly supported scattering object given knowledge of far field observa-
tions of incident waves and scattered waves is a severely ill-posed nonlinear inverse problem that has
received considerable attention in the last fifty years (see, e.g., [5]). In this work the wave motion
will be described by a scalar Helmholtz equation. We consider inhomogeneous scatterers, where the
incident wave fields penetrate into the interior of the obstacle, and as usual we make the assumption
that the scatterer is embedded in an unbounded uniform medium. In this case, the reconstruction
methods available in the literature can basically be divided into three different classes. These are
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(i) methods based on linearized inverse scattering models such as the Born approximation (see,
e.g., [1, 20, 29] or [9, Sec. 8.1]), (ii) iterative regularization schemes based on nonlinear optimization
(see, e.g., [10, 19, 26, 27, 34]), and (iii) qualitative shape reconstruction schemes based on some sort
of sampling strategy (see, e.g., |2, 6, 7, 17, 28, 30]). The first class of methods usually only works
well at low frequencies or for small contrasts in the refractive index between the background medium
and the scattering obstacle, when linearizations of the scattering problem give suitable approxima-
tions. Iterative regularization algorithms require the solution of many direct scattering problems
during the reconstruction, which is computationally expensive, and they often also suffer from pos-
sible local minima. Qualitative sampling-type reconstruction methods usually come with a sound
mathematical justification, and they are computationally efficient since no nonlinear optimization
methods are required for their resolution. They are only mildly dependent on the geometry and
physical properties of the scatterer, but on the other hand most qualitative reconstruction methods
are rather sensitive to noise in the given data.

The purpose of this paper is to initiate the study of reconstruction schemes for inverse medium
scattering problems that combine the rigorous theoretical foundation of qualitative reconstruction
methods with the favorable stability properties of Born-based inverse scattering or iterative regular-
ization schemes. A monotonicity-based regularization method for solving the inverse conductivity
problem by combining the qualitative sampling-based monotonicity method from [25, 37, 38] with
a one-step linearization (see, e.g., [4]) has been proposed in [21, 22|. This technique has later
been applied to an inverse boundary value problem in stationary elasticity in [11]. Recently, the
first extension of this framework to an inverse boundary value problem for the Helmholtz equation
has been established in [12]. This work builds on the monotonicity-based reconstruction method
from [23, 24]. The non-coercivity of the Helmholtz equation renders this generalization significantly
non-trivial and requires a number of new ideas.

Following [12], we develop a constrained optimization problem for the sum of the eigenvalues of
the linearized residual operator associated to the inverse scattering problem. Here the admissible
set of refractive indices is determined by a monotonicity criterion from [17], which is based on a
monotonicity relation between the index of refraction of the scatterer and the eigenvalues of the
linearized residual operator. We show that in the noise-free case the unique minimizer of this
constrained minimization problem exactly determines the support of the scatterer. This is mainly
due to the fact that the minimizer coincides with the largest element in the admissible set, which
is determined by the monotonicity test. Therefore, the theoretical results for the monotonicity
method from [17] can be applied. For noisy data we have to suitably modify the cost functional as
well as the admissible set in the constrained optimization problem. The admissible set is defined in
terms of a relaxed monotonicity criterion (see, e.g., [13, 14| for contributions on the regularization
of the monotonicity method for the inverse conductivity problem). In the cost functional we add a
scalar multiple of the norm of the linearized residual operator as a regularization term to the sum
of the eigenvalues of the linearized residual operator. This significantly improves the reconstruction
in particular at low frequencies or for small contrasts in the refractive index, when linearizing
of the forward problem is appropriate. Our main theoretical result for noisy data states that the
reconstructions of the support of the scatterer obtained by minimizing the regularized cost functional
tend to the exact support of the scatterer as the noise level tends to zero.

Since the constrained optimization problem associated to the new monotonicity-based regular-
ization scheme is equivalent to a convex semidefinite minimization problem, it can be implemented
efficiently using standard software packages. In our numerical examples we use CVX from |8, 16],



and we compare the reconstructions obtained by this new approach to results obtained by the
factorization method from [30].

The remainder of this article proceeds as follows. In Section 2 we briefly outline the theoretical
background on the direct scattering problem and introduce the far field operator and its lineariza-
tion. Then, in Section 3, we develop the monotonicity-based regularization method for the inverse
scattering problem, and we analyze convergence and stability of this approach. Numerical results
are given in Section 4, and we close with some conclusions.

2 Scattering by an inhomogeneous obstacle

We consider scattering of time-harmonic scalar waves in R%, d = 2, 3, by an inhomogeneous obstacle
supported in some bounded open subset D C R%. Let ug be a Herglotz incident field with density
g € L?(8%1) and wave number k > 0, which is defined by

u’g(m) = /Sdl e*04(0) ds(), reR?. (2.1)

The scattering object is fully described by the refractive index n? = 14 ¢ € L®(R%), where
q € L*°(D) denotes a contrast function. Throughout, we identify functions in L*°(D) with their
extension by zero to all of R? whenever appropriate. We also assume that

O<qmin§Q§Qmax<O@ a.e.in D

for some constants g¢min, gmax > 0. Then, the total field u, 4 € Hﬁ)C(Rd) is the unique weak solution
of the Helmholtz equation
Aug g + k2n2uq,g =0 in RY

7

o> satisfies the Sommerfeld radiation condition

such that the associated scattered field, ug , := ugg—u

_1 10U
lim 7z (M(x) — ikuzyg(:c)> =0, r=|z|, (2.2)

r—o0o or

uniformly with respect to all directions z/|z| € S4!. Accordingly, the scattered field has the
asymptotic behavior of an outgoing spherical wave

. eil€|z| o a1
uqyg(x) = CdHﬁuq’g(l‘) + O(|IL" 2 ) s |1E| — 00,
x| 2
uniformly in 2 := x/|z| € S9!, where
Cy =™ erk ifd=2 and Cy=1/(4r) ifd=3.
The function

W (3) = K2 /D (Wugg)e ™V dy,  Fe st (2.3)

is known as the far field pattern of u; , (see, e.g., [32, Chap. 7| for further details on the direct
scattering problem).



Next, we define the far field operator
Flg): L*(S7") = LX(S™Y),  Flalg := ugy, (2.4)

which maps densities of superpositions of plane wave incident fields to the far field patterns of the
associated scattered fields. As such it is often used as an idealized mathematical model for remote
sensing experiments. We recall that the far field operator is compact and normal; see, e.g., |32,
Thm. 7.20]. The inverse scattering problem we are concerned with is to recover the support D of
the scatterer from finitely many observations of F'[q]. Here, we assume that we are also given some
sufficiently large region of interest @ C R? that contains the scatterers in its interior. We note
that at least the size of a sufficiently large ball or cube containing all scatterers can immediately be
estimated from the decay behavior of the Fourier or spherical harmonics coefficients of the given far
field data; see, e.g., [35, 36].

Denoting by & C L>®(R%) the subspace of functions ¢ € L>*(R%) with supp(q) € © and
essinf equpp(q) ¢(2) > 0, we write F : X — L(L*(S%1)) for the nonlinear operator that maps
a contrast function ¢ € X' to the associated far field operator Flq] € £(L?(S471)).

Lemma 2.1. The nonlinear operator F' is Fréchet differentiable at zero, and for any compactly
supported h € L>°(Q) its Fréchet derivative satisfies

/ g(F'0lh)g ds = ’fQ/ hui2 de  for all g € L2(S*) . (2.5)
gd—1 O
Proof. For h € L>(Q) compactly supported and g € L2( Sd—l) let

((P0)g) @) = K [ hpui(m)e ™ ay.

Using (2.4) and (2.3) we find that

2

|F[h]g — F[0]g — (F'[0]h)gl 72 ga-1) =/ kQ/Qh(y)(Uh,g(y)—UZ,(y))e“@'y dy| ds(@). (2.6)

gd—1

(RY) satisfies

- — ' 1
Since, uzvg = Upg — u; € Hj,.
Auj o + k2(1 + h)uj, , = —k2huz in RY,

together with the Sommerfeld radiation condition (2.2), we obtain using the well-posedness of this
scattering problem or, equivalently, the invertibility of the associated Lippmann-Schwinger integral
equation (see, e.g., [32, Thm. 7.13|) that

IN

F2[[Bl] oo ) |42 0, gll 2 () < K2 IRl oo ()[R 1R Bug | 120

K2 /Q h(y)us, ,(y)e " dy

IN

ESTH Y2191 o 0y 9] L2si-1y -

Substituting this estimate into (2.6) shows that the operator F'[0] : L>(Q2) — L(L?*(S%')) defined
by (2.6) is the Fréchet derivative of the nonlinear operator F' at zero. The quadratic representation
(2.5) then follows from (2.1). O

We note that F'[0]h is just the Born approximation of FJ; see, e.g., [31]. It can immediately be
seen that F’[0]h is compact and self-adjoint.



3 Monotonicity-based regularization of one-step linearization

In this section we develop the mathematical framework of the novel monotonicity-based regulariza-
tion for the inverse scattering problem, which recovers an approximation of the support D of the
scatterer from finitely many observations of the far field patterns of scattered fields corresponding
to finitely many Herglotz incident fields. The method combines the sound theoretical foundation of
the monotonicity method with the numerical stability of a one-step linearization.

Denoting by {g1,g2,...,g9n8} € L?>(S%!) an orthonormal system in L2(S9~!), we assume that
we have access to finitely many observations

Fylg] = (/Sdlng[Q]gz ds)

Since the far field operator F[q] is normal, the matrix Fi[g| is normal as well. From Lemma 2.1 we
obtain that the Fréchet derivative F[0] of Fy in zero is given by

N
e € CN*N (3.1)

L — N
FlL[0h = (k2 /R iy dx>jl:1 e CNxN (3.2)

for all compactly supported h € L>(§). Since h is real-valued, we see that the matrix Fy[0]h is
self-adjoint.

Our goal is to approximate the support of the scatterer D from the finite set of observations
described by Fy[q]. To solve this inverse problem, we discretize the region of interest Q = U%:l P,
into M disjoint open pixels P, C € and approximate the unknown contrast function g by a piecewise
constant function h = E%:l amXxp,, with unknown coefficients ay,...ap € [0,00). As usual xp,,
denotes the indicator function for P,,. We write

V= {h: %amxpm ‘ a,...apy € [0,00)} C L>(),
m=1

and define the linearized residual R :) — CN*N by
R(h) := Re(Fy[q) — Fy[0]h) .
Let A\ (R(h)) > A2(R(h)) > -+ > An(R(h)) denote the eigenvalues of this self-adjoint matrix in

descending order. To recover the support of a piecewise constant function h, which approximates
the support D of the scatterer, we consider the constrained minimization problem

21612( 3 )\j(R(h))) : (3.32)
{7 12>0)

where the admissible set A is given by

M
A = {h = Z AmX Py,
m=1

Here, the linear constraint (3, is defined by a monotonicity test in terms of the infinite dimensional
far field operator F[q] and its Fréchet derivative F'[0] with respect to ¢ at zero as follows:!

Bm = max{B >0 | Re(F|g] — BF'[0xp,.) >d,, 0}, (3.4)

1Given any two compact self-adjoint operators A and B on a Hilbert space X, we write A >, B for some r € N
when A — B has at most r negative eigenvalues.

0 < apn < min(Guin, Bn) | - (3.3b)




where dy;, = d(¢min, Pm) is the number of negative eigenvalues of Re(F[q] — gminF’[0]xp,,) in case
this number is finite; if d(gmin, Pn) is not finite, we set 3, = 0.

The following lemma clarifies the connection between the linear constraint (3, and the support
of the scatterer D.

Lemma 3.1. Let 1 < m < M and let 5, > 0 be defined by (3.4). Then P,, C D if and only if
Bm > 0. Moreover, in this case By, > qmin-

Proof. We first show that P,, C D implies 8, > @min > 0. To see this, let P,, € D and choose
B € [0, gmin]. Then, by the monotonicity relation [17, Thm 5.1(a)|] and the non-negativity of the
self-adjoint operator F'[0]xp,,, there exists a finite dimensional subspace V' C L2(S%1) such that

Re(/sdlg (Flq] — BF'[0]xp,,)g ds)

= Re( [ o TPl = P Or)a d5) + [ 0T = 9P e, )a ds

>0

for all g € V*. In particular d,;, = d(qumin, Pm) < o0 in the definition (3.4) of 3,,,, and we can choose
the subspace V' such that dim(V') < d,, = d(Gmin, Pm)- Since 5 € [0, gmin] Was arbitrary, we obtain
that /Bm Z Qqmin > 0.

The fact that P,,, Z D implies that 5 = 0 follows immediately from the monotonicity relation [17,
Thm. 5.1(b)|, which says that in this case there exists no finite dimensional subspace V C L?(S9~1)
such that Re(F[q] — BF'[0]xp,,) > 0 on V=, O

3.1 Convergence analysis for exact data

We show in Theorem 3.3 below that the constrained minimization problem (3.3) has a unique
solution h € A, and that supp(h) approximates the support of the scatterer D. For the proof of
this result we require the following auxiliary lemma.

Lemma 3.2. For all m = 1,..., M the matriz F§[0]xp, € CN*V is self-adjoint and positive
definite.

Proof. Let v = (v1,v2,...,o5)" € CV, and let {g1,92,...,98} C L?(S%1) be the orthonormal
system introduced at the beginning of Section 3. Using (3.2) we find that

N
v*(FN[0lxp, )v = K ZFjvl /Rd XP,, g, Uy, dz = k:2/ ]uzg|2 dz >0
Jl=1 m

with g := Zﬁvzl v;g;. This shows that F{[0]xp,, € CV*V is self-adjoint and positive semideﬁnite.
To see that the matrix is in fact positive definite, we recall from [5, Thm. 3.27] that ug can only
vanish on the open subset P,, C R when g = 0. However, the latter is equivalent to v = 0. O

Now we are ready to discuss the solvability of (3.3).



Theorem 3.3. The minimization problem (3.3) has the unique minimizer

M
h = Z min{gmin, Bm } XP,, - (3.5)
m=1

In particular, we have form=1,...,M that P, C supp(/f;) if and only if P, C D.

Proof. Let h = Z%:l amXp,, be an arbitrary element of the admissible set 4 and let % be defined
by (3.5). Then, the definition of A in (3.3) immediately implies that & < h. Suppose that h—h # 0.
Then

M
7T =h—h = Z TmX P, with 7, := min{qmin, Bm} — am >0,
m=1

and 7, > 0 for at least one m € {1,..., M}. Let
M(R(R) > Aa(R(R) = - = Aw(R(R))

be the N eigenvalues of R(h), and denote by

M(R(R)) = Aa(R(R)) > -+ > Ay(R(h))

the N eigenvalues of R(h). Since

M
R(h) = R(h)+ Y mnFy[0)xp, .

m=1

the positive definiteness of the self-adjoint matrices Fy[0]xp,, for all m € {1,..., M} established in
Lemma 3.2 together with Weyl’s inequality (see, e.g., [3, p. 62]) show that

~

N(R(h) > Nj(R(R))  forj=1,...,N.

Accordingly,

Yo ON@RM) > Y N(R(D)),

{5 1A;>0} {7 1A;>0}

which confirms that % is the unique minimizer of the minimization problem (3.3).
Finally, it is clear from (3.5) that P,, C supp h if an only if 3, > 0. Lemma 3.1 says that this
is the case if and only if P, C D. O

Theorem 3.3 says that the unique minimizer of (3.3) coincides with the largest element in
the admissible set A. Accordingly, it contains the same information about the support of the
scatterer D as the linear constraints f,,, m = 1,..., M, from (3.4). Lemma 3.1 confirms that
this information determines the support of the scatterer D up with pixel accuracy. However, the
evaluation of min(gmin, Bm), m = 1,..., M, is relatively sensitive to noise in the observed far field
data, and the corresponding reconstructions deteriorate with increasing noise level. In the next
section we couple the monotonicity-based approach (3.3) with a simple one-step linearization, and
we show that when the coupling parameter is chosen appropriately, depending on the noise level,
then the solution of this regularized problem converges to the solution of (3.3) as the noise level tends
to zero. This means, we use one-step linearization to stabilize the monotonicity-based regularization
in the presence of noise.



3.2 Regularization and stability analysis for noisy data

Suppose F9[q] € L(L*(S?1)) is a noisy version of the far field operator F[q] satisfying
17°lg) — Flglllgz2(sa-1y) < 6 (3.6)

with some noise level § > 0. Accordingly, let

S N
Flq = (/ 9 Foldlgi ds) e CVN, (3.7)
Sd—1 j7l:1
where {g1, g2, ...,g9n} C L?(S9™1) is the same orthonormal system as at the beginning of Section 3.

Given such noisy far field observations we define the linearized residual R® : ) — CN*N by
RO(h) = Re(F§lq) ~ Fi[0]h). (35)

Let A\ (R°(h)) > Xo(R%(h)) > --- > An(R’(h)) denote the eigenvalues of this self-adjoint matrix
in descending order. Then we replace the constrained minimization problem (3.3) by

min (3" N (RIR) + al)|R(M)|r) (3.92)
AN >0y

where a(8) > 0 is a regularization parameter, and the admissible set A° is given by

M
A = {h = Z AmXP,, ) 0<a,< min(qmin,ﬁfn)} . (3.9b)
m=1
Here we use
B = max{f >0 | Re(F’[¢] — BF'[0]xp,) >4, —0I}, (3.10)

instead of the linear constraint 8, from (3.4), where as before d,, = d(g¢min, Pn) is the number of
negative eigenvalues of Re(F[q] — gminF’[0]xp,,) in case this number is finite; if d(gmin, Pm) is not
finite, we set Bfn =0.

Lemma 3.4. For allm =1,..., M we have that B, < [3,‘%.

Proof. Let g € L*(S9!). Using (3.6) we find that

{9, Re(F°[q] = Fla])g) 1> (5a1)]

IN

191l 2(s4-1) | Re(F° [a] — Fla))gll L2 (5a-1)

IN

91122 501y | F2la) = Flalll cquzqsaryy < Sllglagsis

Thus, —61 < Re(F°[q] — F[q]) < 61 in quadratic sense, and for m = 1,..., M the definition of S,
in (3.4) and (3.6) show that

Re(F°[q] — BF'[0)xp,.) = Re(F[q] — BF'[0]xp,,) + Re(F[q] — Flq]) >a, —6I (3.11)

for all B € [0, B,n]. Accordingly, (3.10) yields 8,, < B2,. O]



Remark 3.5. (a) The linear constraint 39, still contains some information about the support of the
scatterer. Combining Lemma 3.4 with Lemma 3.1 we obtain that P,,, C D implies ﬁgl > Qumin, 1-€.,
Pm Zle/Bgz < Gmin-

(b) Using the same arguments as in the proof of Theorem 3.3 it follows that for any fixed 6 > 0
the constrained optimization problem

min X (R(h))), (3.12)
he A’ <{j §>0} ’ )

with A% as defined in (3.9b) has the unique minimizer

M
R =" min{guin, B3, }xP, -

m=1

This means that for the degenerate case when «(d) = 0 the minimization problem (3.9) just recovers
the largest element in the admissible set A°.

(¢) Minimizing the Frobenius norm of the linearized residual R?(h) as in (3.9) makes particular
sense for small wave numbers k (i.e., at low frequencies) or for small contrast functions ¢, when
the Born approximation F[0]¢g constitutes a good approximation of Fy[q] (see, e.g., [31]). In this
case we expect the regularized functional in (3.9) to yield significantly better reconstructions of the
support of the scatterer D when compared to minimizers of the unregularized functional (3.12). ¢

In the next theorem we establish that minimizers of (3.9) converge to the minimizer of (3.3) as
the noise level ¢ tends to zero, provided the coupling parameter o = «(d) is chosen appropriately
with respect to the noise level. This means that the regularized solutions converge to a piecewise
constant function in Y that determines the support of the scatterer D up to pixel partition as the
noise level tends to zero.

Theorem 3.6. Suppose that o : [0,00) — [0,00) is an a priori parameter choice rule satisfy-
ing limg_,o a(d) = 0. Then, for any 6 > 0, the minimization problem (3.9) attains a minimizer.
Furthermore, denoting by h = S-M_ min{qmin, Bm}xp,, the unique minimizer of (3.3), and by

he = Z%:l ad,xp,, any minimizer of (3.9), we have that W —hind as§ — 0.

Proof. The existence of at least one minimizer of (3.9) follows from the continuity of the cost
functional
Yahe Y NE(W)+a@)|R(B)F
{7 12;>0}

and the compactness of the admissible set A°. R
Now let (0, )nen C (0,00) be a sequence converging to zero, and denote by k% = Z%:l anxp,

an associated sequence of minimizers. Since 0 < @% < quin for all m € {1,...,M} and n € N,
the sequence (Ziis”, . ,ZL\?\Z)%N C RM is bounded, and thus has a convergent subsequence. With an

abuse of notation, we also denote this subsequence by (a‘f", . ,a‘j\g)neN. Moreover, we denote its
limit by (a1, ...,anr), and observe that 0 < a,;, < gmin for all m € {1,..., M}.
From (3.6) we see that F°[q] — F[q] in £(L?(S%')) with respect to the operator norm

as n — oo. Thus, for any m € {1,..., M},

Forlg] —an F'[0lxp,, — Flg] — amF'[0lxp,  asn — oo



in £(L?(S%1)), and using (3.11) we find that
_ / — 1; On e~ nld > 1 — =
Re(Flq] — amF'[0]xp,) = lim Re(F*[q] — @y F'(0lxp,) >a, lim (=0.1) =0

in quadratic sense. Therefore, recalling (3.4) we obtain that a,, < 8, for all m € {1,...,M}. In
particular, we have shown that h := Zi\le amXxp,, belongs to the admissible set A of (3.3).

Since min{gmin, B} < min{gmin, 8} for all m € {1,..., M} and n € N by Lemma 3.4, we find
that h € A% for all n € N. Accordingly,

STONE ) + @) R R <Y AR (R) + a(8,)|[R(W)|p (3.13)
{j | A;>0} {7 I Xj>0}

for all n € N by the optimality property of h%». Moreover, it follows immediately from our assump-
tions on o = a(d,,) that

> NERB)) +a@) IR ()| = D N(R(B)  asn— oo,
{7 12;>0} {7 | 2;>0}
and R R R
> NERM) + a@) IR B)F = Y A(R(R)  asn—oo.
{7 I A;>0} {7 [ A;>0}
Therefore, (3.13) yields R
YoONRM) <Y N(R(M).

{7 1 X;>0} {7 I x>0}

Recalling that 7 is the unique minimizer of (3.3) and that h € A, we obtain that h = h.
Since this is true for any convergent subsequence of the original sequence (a‘{", . ,Ei})neN, we

have shown that h%" — h as n — oo also for the original sequence (d,)nen, which completes the
proof. O

4 Numerical examples

We illustrate our theoretical findings by some numerical examples in R%. To simulate a finite number
of far field observations, which are then used as input data for the reconstruction algorithm, we
numerically approximate far field data u®(z; 0,,) corresponding to plane wave incident fields

u'(2;0,,) = gtk Om reR?,
for N equidistant observation and incident directions
Z1,0m € {(cos dn,sing,) € S | ¢, = (n—1)27/N, n=1,...,N},

1 <1,m < N. If the support D of the scatterer is contained in a ball Bg(0) of radius R > 0 around
the origin, then choosing N 2 2kR is sufficient to fully resolve the relevant information contained
in these far field patterns (see, e.g., [18]). Accordingly, the matrix

_27T

Fyld =

[u™(Z); )] € CVN (4.1)

10



is unitary equivalent to the matrix Fx[q] from (3.1) for the orthonormal system {g1, go2,...,g9n} C
L%(S1) with g, = el("=N/2)are() /\ /o7 for n = 1,...,N.

To simulate noisy far field observations Fg[g] as in (3.7) satisfying (3.6) for some noise level
§ > 0, we generate a complex random matrix E € CY*V with uniformly distributed real and

imaginary parts and evaluate

Filg = Fylq] +5HEEH2. (1.2)

We consider an equidistant grid on the quadratic region of interest
M
R R12
O = [——,—} = | )P, (4.3)

with quadratic pixels P, = z, + [—%,g]Z, 1 < m < M, where z, € € denotes the center

of P, and ¢ > 0 its side length. A short calculation shows that for each pixel P, the matrix
Sm = F}[0]xp,, from (3.2) is given by

_27T

; k¢ k¢
2 ikzm-(Om—01) o _ . _ NxN
Sm = (kl)“e s1nc< 5 (Om 95)1) smc( 5 (Om 91)2>] eC . (44)

1<l,;m<N

Accordingly, we can rewrite the linearized residual from (3.8) as
M
R(h) =V° =) anSm,
m=1
where we use the shortcut V? := Re(F{[q]) and as before h = an\le AmXP,,-
Next we detail our approach to determine the linear constraint 521 from (3.10), which satisfies
B, ~ max{B >0|V°— 38, >4, —0I}. (4.5)

We approximate the number dy, = d(gmin, Pm) of negative eigenvalues of Re(F[q] — qminF'[0]xp,,)
by the number d,, of negative eigenvalues of

VO — guinSm + 0I € CVN

where I € CN*V denotes the identity matrix. This is done by evaluating the eigenvalues of this
self-adjoint matrix for each m € {1,..., M} numerically.
Then, we consider the generalized eigenvalue problem for the matrix pencil

Spm—ANV°4+46I), AreC.
Since S,, is invertible by Lemma 3.2,
det(S,, —A(V2+6I)) = 0 ifandonly if  det(I — AS;;}(V? +6I)) = 0.

Accordingly, recalling that both S,, and V? + 6I are self-adjoint, the generalized eigenvalues of
Sy — AV + 61I) are real (including possibly #00), and there exists a corresponding orthonormal
basis of CV consisting of eigenvectors of S,, — AV9. More precisely, A € (R\ {0}) U {#o0} is a
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generalized eigenvalue of S,, — A(V? 4+ 61I) if and only if 1/\ € R is an eigenvalue of the self-adjoint
matrix S} (VO +41).

We denote these generalized eigenvalues by A\; > Ay > -+ > Ay, and an associated orthonormal
basis of eigenvectors by {z1,...,zn}. These can for instance be stably evaluated using the QZ-
algorithm; see [15, Sec. 7.7|. Then,

1
(VO +6I)x; = Afksyng;j, j=1,...,N.
J
Choosing 3%, ;= 1/A1, and denoting by V; the span of all eigenvectors corresponding to non-positive
generalized eigenvalues, we obtain that

(VO 4+ 61z > Ba* Sy for all z € V-

If dim(V;) = d., we use (%, to approximate 3%,. On the other hand, if r := d, — dim(V*) > 0, then
we choose Bﬁ :=1/A,41 instead.

As has been observed in [12], the sum of all positive eigenvalues of the self-adjoint matrix R’ (h)
in (3.9) can be written as a semidefinite program,

> N(R(R) = min  trace(X).
{7 1x;>0} X—R3(h)>0

Hence, the minimization problem (3.9) is equivalent to

min (trace(X) + oz(&)HR‘S(h)HF) . (4.6)
X—R5(h)>0

To solve this convex minimization problem (see, [12, Rem. 6]) we used CVX, a package for specifying

and solving convex programs [8, 16].

Example 4.1. In our numerical examples we consider two scatterers, a kite and an ellipse, with
constant contrast function ¢ = 1 (kite) and ¢ = 2 (ellipse) as shown in Figures 4.1-4.4 (dashed
lines). We simulate the far field matrix Fy[g] € C3?*32 from (4.1) for 32 incident and observation
directions using a Nystrém method for a boundary integral formulation of the scattering problem
for two wave numbers k = 0.5 and k£ = 1. Therewith, we compute noisy data FJ‘E, [q] for 6 = 0.01
and § = 0.05 as described in (4.2), and accordingly V?° = (F$[q] + F{[q]*)/2-

We consider 2 = [—5, 5] x [-5, 5] for the quadratic region of interest and divide it into M = 322
Pixels Py, m = 1,..., M, of side length ¢ ~ 0.31 as described in (4.3). For each Pixel the self-adjoint
matrix Sy, can be evaluated using (4.4). In the numerical implementation of the monotonicity-
based regularization (4.6) we use a(d) = § for the regularization parameter in (4.6). The linear
constraints Bfn, m =1,..., M, in the definition of the admissible set 45 from (3.9) are approximated
by B, which are evaluated by solving generalized eigenvalue problems. Furthermore, we put
Gmin = 1 in (3.9).

In Figures 4.1-4.4 (right) we present numerical results for the two different wave numbers (k = 0.5
and k£ = 1) and for the two different noise levels (6 = 0.01 and § = 0.05). The first columns in these
plots display the reconstructions obtained by the novel monotonicity-based regularization method.
In the second column we show plots of the linear constraints §* that are obtained from the mono-
tonicity test (4.5) by solving generalized eigenvalue problems. To assess the performance of the

12
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Figure 4.1: Reconstructions for wave number k = 0.5 and noise level § = 0.01.
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Figure 4.2: Reconstructions for wave number k& = 0.5 and noise level § = 0.05.

new method compared to a plain linearization approach, we include reconstructions obtained by a
simple Tikhonov regularization of the linearized problem in the third column of these plots. To this
end, we minimize

. 52 2
1;16;31(||R (M)|IF + 5||h||L2(Q)) )

where the admissible set B is given by

M
B = {h: Zamxpm ‘amER}.
m=1

Finally, we also include reconstructions obtained by the factorization method (see, e.g., [33, Sec. 4]
or [32, Sec. 7.5]) in the last column. The corresponding plots show the logarithm of the reciprocal
of the usual Picard sum.

At the wave number k£ = 0.5 the monotonicity-based regularization gives good results for both
noise levels as shown in Figures 4.1-4.2. The plots of the linear constraint 5* look very similar to
the reconstructions obtained by the factorization method, which is not completely surprising since
the theoretical foundations of the monotonicity test and of the factorization method are closely
related. The results obtained by Tikhonov regularization of the linearized problem are also good,
which suggests that the linearization error is reasonably small. This also partially explains why the
regularized (by the sum of all positive eigenvalues of the linearized residual) minimization of the
Frobenius norm of the linearized residual R°(h) in (4.6) works well.

At the larger wave number k = 1 the linearization error increases, accordingly also the results
obtained by the monotonicity-based regularization and also by Tikhonov regularization of the lin-
earized problem in Figures 4.3-4.4 are not as good as for £ = 0.5. However, the linear constraint 8*
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Figure 4.3: Reconstructions for wave number k = 0.5 and noise level § = 0.01.
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Figure 4.4: Reconstructions for wave number k& = 0.5 and noise level § = 0.05.

still gives at least comparable results as the factorization method. These results suggest that the
monotonicity-based regularization method developed in this work is a good alternative to existing
methods in the low frequency regime. Moreover, implementing the monotonicity-based reconstruc-
tion schemes from [17] using generalized eigenvalue problems as done here for the computation of
the linear constraint 8* seems to stabilize the method considerably.

Conclusions

Based on [12], we have proposed a new qualitative optimization scheme for shape reconstruction for
inverse medium scattering problems. This monotonicity-based regularization method combines the
sound theoretical foundation of the monotonicity method with improved stability properties of a one-
step linearization. It works particularly well at low frequencies or for small contrasts in the refractive
index, where the linearization error is small. The method can be implemented efficiently using
semidefinite programming and does not require solving any forward problems during reconstruction.
As a byproduct, we have developed a novel numerical implementation of the monotonicity test
from [17] by means of generalized eigenvalue problems, which has shown to give good numerical
reconstructions also in the presence of noise.

Acknowledgments

The research of R. Griesmaier is supported by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) - Project-ID 258734477 - SFB 1173. The research of J. Xiang is supported
by the Natural Science Foundation of China (12301542) and the Open Research Fund of Hubei Key

14



Laboratory of Mathematical Sciences (Central China Normal University, MPL20250RGO017).

References

1]

2]

3]

4]

1]

[6]

7]

8]
9]
10]
11)
12]

[13]

[14]
[15]

[16]

[17]

H. Ammari, J. Garnier, H. Kang, M. Lim, and K. Sglna. Multistatic imaging of extended targets. SIAM
J. Imaging Sci., 5(2):564-600, 2012. doi:10.1137/10080631X.

L. Audibert and H. Haddar. A generalized formulation of the linear sampling method with exact
characterization of targets in terms of farfield measurements. Inverse Problems, 30(3):035011, 20, 2014.
doi:10.1088/0266-5611/30/3/035011.

R. Bhatia. Matriz analysis. Springer-Verlag, New York, 1997. doi:10.1007/978-1-4612-0653-8.

M. Cheney, D. Isaacson, J. C. Newell, S. Simske, and J. Goble. Noser: An algorithm for solving
the inverse conductivity problem. Int. J. Imaging Syst. Technol., 2(2):66-75, 1990. URL: https:
//onlinelibrary.wiley.com/doi/abs/10.1002/ima. 1850020203, doi:10.1002/ima.1850020203.

D. Colton and R. Kress. Inverse acoustic and electromagnetic scattering theory. Springer, Cham, fourth
edition, 2019. doi:10.1007/978-3-030-30351-38.

D. Colton and P. Monk. The inverse scattering problem for time-harmonic acoustic waves in an inho-
mogeneous medium. Quart. J. Mech. Appl. Math., 41(1):97-125, 1988. doi:10.1093/qjmam/41.1.97.

D. Colton, M. Piana, and R. Potthast. A simple method using Morozov’s discrepancy principle for solv-
ing inverse scattering problems. Inverse Problems, 13(6):1477-1493, 1997. doi:10.1088/0266-5611/
13/6/005.

CVX Research, Inc. CVX: Matlab software for disciplined convex programming, version 2.0. https:
//cvxr.com/cvx, Aug. 2012.

A. J. Devaney. Mathematical foundations of imaging, tomography and wavefield inversion. Cambridge
University Press, Cambridge, 2012. doi:10.1017/CB09781139047838.

O. Dorn and D. Lesselier. Level set methods for inverse scattering. Inverse Problems, 22(4):R67-R131,
2006. doi:10.1088/0266-5611/22/4/R01.

S. Eberle and B. Harrach. Monotonicity-based regularization for shape reconstruction in linear elasticity.
Comput. Mech., 69(5):1069-1086, 2022. doi:10.1007/s00466-021-02121-2.

S. Eberle-Blick, B. Harrach, and X. Wang. A monotonicity-based regularization approach to shape
reconstruction for the helmholtz equation. arXiv preprint arXiv:2508.11439, 2025.

H. Garde and S. Staboulis. Convergence and regularization for monotonicity-based shape reconstruc-
tion in electrical impedance tomography. Numer. Math., 135(4):1221-1251, 2017. doi:10.1007/
s00211-016-0830-1.

H. Garde and S. Staboulis. The regularized monotonicity method: detecting irregular indefinite inclu-
sions. Inverse Probl. Imaging, 13(1):93-116, 2019. doi:10.3934/ipi.2019006.

G. H. Golub and C. F. Van Loan. Matriz computations. Johns Hopkins University Press, Baltimore,
MD, fourth edition, 2013.

M. C. Grant and S. P. Boyd. Graph implementations for nonsmooth convex programs. In Recent
advances in learning and control, pages 95-110. Springer, London, 2008. URL: https://doi.org/10.
1007/978-1-84800-155-8_7, doi:10.1007/978-1-84800-155-8\_7.

R. Griesmaier and B. Harrach. Monotonicity in inverse medium scattering on unbounded domains.
SIAM J. Appl. Math., 78(5):2533-2557, 2018. doi:10.1137/18M1171679.

15


https://doi.org/10.1137/10080631X
https://doi.org/10.1088/0266-5611/30/3/035011
https://doi.org/10.1007/978-1-4612-0653-8
https://onlinelibrary.wiley.com/doi/abs/10.1002/ima.1850020203
https://onlinelibrary.wiley.com/doi/abs/10.1002/ima.1850020203
https://doi.org/10.1002/ima.1850020203
https://doi.org/10.1007/978-3-030-30351-8
https://doi.org/10.1093/qjmam/41.1.97
https://doi.org/10.1088/0266-5611/13/6/005
https://doi.org/10.1088/0266-5611/13/6/005
https://cvxr.com/cvx
https://cvxr.com/cvx
https://doi.org/10.1017/CBO9781139047838
https://doi.org/10.1088/0266-5611/22/4/R01
https://doi.org/10.1007/s00466-021-02121-2
https://doi.org/10.1007/s00211-016-0830-1
https://doi.org/10.1007/s00211-016-0830-1
https://doi.org/10.3934/ipi.2019006
https://doi.org/10.1007/978-1-84800-155-8_7
https://doi.org/10.1007/978-1-84800-155-8_7
https://doi.org/10.1007/978-1-84800-155-8_7
https://doi.org/10.1137/18M1171679

[18]
[19]
[20]

[21]

[22]

23]
[24]
[25]
[26]
[27]
28]
[20]
30]
31)
[32]
33)
34
35]
36]

37]

R. Griesmaier and J. Sylvester. Uncertainty principles for inverse source problems, far field splitting,
and data completion. SIAM J. Appl. Math., 77(1):154-180, 2017. doi:10.1137/16M1086157.

S. Gutman and M. Klibanov. Iterative method for multi-dimensional inverse scattering problems at
fixed frequencies. Inverse Problems, 10(3):573-599, 1994. doi:10.1088/0266-5611/10/3/006.

B. B. Guzina and M. Bonnet. Small-inclusion asymptotic of misfit functionals for inverse problems in
acoustics. Inverse Problems, 22(5):1761-1785, 2006. doi:10.1088/0266-5611/22/5/014.

B. Harrach and M. N. Minh. Enhancing residual-based techniques with shape reconstruction features in
electrical impedance tomography. Inverse Problems, 32(12):125002, 21, 2016. doi:10.1088/0266-5611/
32/12/125002.

B. Harrach and M. N. Minh. Monotonicity-based regularization for phantom experiment data in elec-
trical impedance tomography. In New trends in parameter identification for mathematical models, pages
107-120. Birkh&user /Springer, Cham, 2018. URL: https://doi.org/10.1007/978-3-319-70824-9_6,
doi:10.1007/978-3-319-70824-9\_6.

B. Harrach, V. Pohjola, and M. Salo. Dimension bounds in monotonicity methods for the Helmholtz
equation. SIAM J. Math. Anal., 51(4):2995-3019, 2019. doi:10.1137/19M1240708.

B. Harrach, V. Pohjola, and M. Salo. Monotonicity and local uniqueness for the Helmholtz equation.
Anal. PDE, 12(7):1741-1771, 2019. doi:10.2140/apde.2019.12.1741.

B. Harrach and M. Ullrich. Monotonicity-based shape reconstruction in electrical impedance tomogra-
phy. SIAM J. Math. Anal., 45(6):3382-3403, 2013. doi:10.1137/120886984.

F. Hettlich. Two methods for solving an inverse conductive scattering problem. Inverse Problems,
10(2):375-385, 1994. doi:10.1088/0266-5611/10/2/012.

T. Hohage and F. Weidling. Verification of a variational source condition for acoustic inverse medium
scattering problems. Inverse Problems, 31(7):075006, 14, 2015. doi:10.1088/0266-5611/31/7/075006.

K. Tto, B. Jin, and J. Zou. A direct sampling method to an inverse medium scattering problem. Inverse
Problems, 28(2):025003, 11, 2012. doi:10.1088/0266-5611/28/2/025003.

K. Kilgore, S. Moskow, and J. C. Schotland. Inverse Born series for scalar waves. J. Comput. Math.,
30(6):601-614, 2012. doi:10.4208/jcm.1205-m3935.

A. Kirsch. The MUSIC algorithm and the factorization method in inverse scattering theory for inho-
mogeneous media. Inverse Problems, 18(4):1025-1040, 2002. doi:10.1088/0266-5611/18/4/306.

A. Kirsch. Remarks on the Born approximation and the factorization method. Appl. Anal., 96(1):70-84,
2017. doi:10.1080/00036811.2016.1188286.

A. Kirsch. An introduction to the mathematical theory of inverse problems. Springer, Cham, 2021.
Third edition. doi:10.1007/978-3-030-63343-1.

A. Kirsch and N. Grinberg. The factorization method for inverse problems. Oxford University Press,
Oxford, 2008.

R. E. Kleinman and P. M. van den Berg. A modified gradient method for two-dimensional problems in
tomography. J. Comput. Appl. Math., 42(1):17-35, 1992. doi:10.1016/0377-0427(92)90160-Y.

S. Kusiak and J. Sylvester. The scattering support. Comm. Pure Appl. Math., 56(11):1525-1548, 2003.
doi:10.1002/cpa.3038.

J. Sylvester. Notions of support for far fields. Inverse Problems, 22(4):1273-1288, 2006. doi:10.1088/
0266-5611/22/4/010.

A. Tamburrino. Monotonicity based imaging methods for elliptic and parabolic inverse problems. J.
Inverse Ill-Posed Probl., 14(6):633-642, 2006. doi:10.1163/156939406778474578.

16


https://doi.org/10.1137/16M1086157
https://doi.org/10.1088/0266-5611/10/3/006
https://doi.org/10.1088/0266-5611/22/5/014
https://doi.org/10.1088/0266-5611/32/12/125002
https://doi.org/10.1088/0266-5611/32/12/125002
https://doi.org/10.1007/978-3-319-70824-9_6
https://doi.org/10.1007/978-3-319-70824-9_6
https://doi.org/10.1137/19M1240708
https://doi.org/10.2140/apde.2019.12.1741
https://doi.org/10.1137/120886984
https://doi.org/10.1088/0266-5611/10/2/012
https://doi.org/10.1088/0266-5611/31/7/075006
https://doi.org/10.1088/0266-5611/28/2/025003
https://doi.org/10.4208/jcm.1205-m3935
https://doi.org/10.1088/0266-5611/18/4/306
https://doi.org/10.1080/00036811.2016.1188286
https://doi.org/10.1007/978-3-030-63343-1
https://doi.org/10.1016/0377-0427(92)90160-Y
https://doi.org/10.1002/cpa.3038
https://doi.org/10.1088/0266-5611/22/4/010
https://doi.org/10.1088/0266-5611/22/4/010
https://doi.org/10.1163/156939406778474578

[38] A. Tamburrino and G. Rubinacci. A new non-iterative inversion method for electrical resistance tomog-
raphy. Inverse Problems, 18(6):1809-1829, 2002. doi:10.1088/0266-5611/18/6/323.

17


https://doi.org/10.1088/0266-5611/18/6/323

	Introduction
	Scattering by an inhomogeneous obstacle
	Monotonicity-based regularization of one-step linearization
	Convergence analysis for exact data
	Regularization and stability analysis for noisy data

	Numerical examples

